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Preface 


Our object is to provide a text which is both rigorous and thoroughly under- 
standable, dealing with the fundamental concepts of analysis. We have 
considered it important to ease the difficulty that many students experience 
in making the transition from problem solving to theory. The student should 
have some background in the calculus. 

Chapter 1 deals with the customary set operations and introduces the 
student to the simple type of mathematical proofs associated with set theory. 

Chapter 2 starts with a section on mathematical logic which is useful in 
the development of a better understanding of the nature of mathematical 
proof. Subsequent sections in this chapter develop properties of the real 
number system based on the field, order, and completeness axioms. 

Chapter 3 presents the definitions of relation and function using the 
concept of cartesian product. Numerous examples are provided. Basic 
theorems establish the extent to which set operations are preserved bya 
function and its inverse. A study of cardinality of sets is also included. 

In Chapter 4 the concept of metric set is introduced, and three types of 
limits are carefully defined: limit points of a set, the limit of a sequence, and 
the limit of a function. Again, many examples and illustrations are used to 
aid the reader in understanding the definitions given. The classical theorems 
are presented with modern proofs which are very readable. 

Chapter 5 begins with a discussion of continuous functions defined on a 
metric set. The theory follows naturally from the study of limits of functions. 
In the latter part of this chapter.special attention is given to functions defined 
on £!, and the derivative, as a special case of functional limit, is discussed. 


v 


vi PREFACE 


In Chapter 6 the integral is defined in terms of step functions, We first 
consider the properties of integrals of Step functions, and then extend these 
Properties to integrals of bounded functions in general. The Fundamental 


directly to the theory, and solutions normally take t 
than a numerical answer 


А. Н. SMITH 
W. A. ALBRECHT 


Contents 


INTRODUCTORY SET THEORY 


Introduction 

Notation 

Specifying or Designating Sets 
Relations between Sets 

Operations with Sets 

Venn Diagrams 

Theorems Based on the Set Operations 


THE REAL NUMBER SYSTEM 


2-1 
22 
2-3 
2-4 
2-5 
2-6 
2-7 
2-8 
2-9 
2-10 
2-11 
2-12 


Introduction 

Elementary Logic 

The Field Axioms 

Some Further Theorems 

Theorems Involving Multiplication of Additive Inverses 
The Axioms of Order 

Absolute Value 

Natural Numbers, Integers, and Rational Numbers 
Completeness 

Construction of Decimal Approximations for Real Numbers 
Repeating Decimals 

Geometric Representation of the Real Numbers 


vii 


лош NNM-—C-— 


10 
H 

15 
18 
19 
20 
22 
24 
26 
30 
32 
34 


10 


viii CONTENTS 


3 FUNCTIONS AND RELATIONS 


3-| Cartesian Products 

3-2 Relations 

3-3 Functions 

3-4 Functional Notation 

3-5 Images 

3-6 Some Basic Theorems 

3-7 The Inverse of a Relation 

3-8 One-to-one Correspondence, Cardinality of Sets 
3-9 Composition of Functions 

3-10 Monotonic Functions 


4 METRIC sETS AND LIMITS 


4-1 Metric Sets 

4-2 Neighborhoods 

4-3 Interior Points and Boundary Points of a Set 
4-4 Open Sets and Closed Sets 

4-5 Limit Points of a Set 

4-6 Sequences 

47 Limit ofa Sequence 

4-8  Monotonic Sequences іп £1 

4-9 Cauchy Sequences 

4-10 Non-terminating Decimals Defined as Cau 
^| The Limit of a Function 

4-12 Properties of Limits 

4-13 One-sided Limits 


chy Sequences 


5 CONTINUITY AND DIFFERENTIATION 


5-1 The Definition of Continuity 
5-2 Some Properties of Continuous Functions 
5-3 Uniform Continuity 
5-4 The Derivative 
5-5 The Chain Rule 
5-6 The Mean Value Theorem for Deri 


ivatives 
5-7 Two Consequences of the Mean Value Theorem 
5-8 The Generalized Mean Value Theorem 


5-9 Differential Notation 
5-10 Partial Differentiation 
5-1! The Total Differential 
5-12 The Directional Derivative 


36 
36 
38 
40 
40 
42 
44 
45 
53 
56 


58 
60 
61 
63 
63 
66 
67 
69 
70 
74 
75 
84 
88 


89 
92 
97 
99 
104 
106 
108 
109 
"1 
113 
114 
116 


36 


58 


89 


CONTENTS 

INTEGRATION 

6-| Sigma Notation 118 
6-2 Historical Approach to the Problem of Area Finding 120 
6-3 Partitions and Step Functions 123 
6-4 Several Properties of Integrals of Step Functions 125 
6-5 Upper and Lower Integrals of a Bounded Function 126 
6-6 Definition of the Integral of a Bounded Function 130 
6-7 А Remark Concerning Geometry 133 
6-8 Several Properties of the Integral 134 
6-9 Interchange of Limits 138 
6-10 Informal Remarks on Integration and Differentiation 139 
6-11 The Fundamental Theorem of Differential and Integral Calculus 141 
6-12 Primitive Functions 142 
6-13 Change of Variable of Integration 144 
6-14 Application 145 
6-15 Double Summation 147 
6-16 Step Functions Defined on a Rectangle 147 
6-17 Upper and Lower Double Integrals of a Bounded Function 150 
6-18 Definition of the Double Integral of a Bounded Function 152 
6-19 The Double Integral of a Continuous Function 153 
6-20 The Evaluation of Double Integrals 156 


ANSWERS TO SELECTED EXERCISES 


INDEX 


ix 


162 


187 


Fundamental 
Concepts 
of Analysis 


Introductory 
Set 
Theory 


1-1 INTRODUCTION 


The word set (or collection) is a primitive term or undefined term in 
mathematics. We do not attempt to define the word “set” but merely state 
that a set is specified by a property which any single object does or does not 
have. Those objects which have this property are called elements or members 
of the set. The collection of books in the college library, the freshman class, 
the natural numbers, and the automobiles on a given parking lot at a given 
moment are examples of sets. The elements of a set need not be related to 
one another in some simple or obvious way. A perfectly good set is the one 
consisting of the number 5, the River Nile, and the planet Saturn. 


1-2 NOTATION 


Elements are usually designated by lower-case letters while sets are 
designated by capital letters. The symbol е indicates membership in a set, 
while the symbol ¢ indicates that an object is not in the set, Thus, we would 
write x € A to point out that “the object x is a member of the set A” and 
y € B to state that “the object y is not a member of set В”. 
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1-3 SPECIFYING OR DESIGNATING SETS 


Sets may be specified in several different 
called tabulation, is simply to list the ele: 
braces, such as 4 = 
order in which the elem 
and T = (a, b, c, d) desc 
each list. 

A more general method iny 
(x | x has the property P) desig 
has the property P". Thus th 
would become: 4 = { 
the square of a non-z 
of the first four letter 
Sets is especially usef 


ways. For small sets, one way, 
ments of the set and enclose them in 
[a ¢,i,0,u} ог B= {1, 4,9, 16, 25, 36, 49). The 
ents are listed is immaterial. Thus, S = (b, d, c, a} 
ribe the same set since the elements are the same in 


Olves a description of the set property: A = 
nates “the set A of all objects x, such that x 
€ sets described in the preceding paragraph 
X | x is a vowel of the English alphabet), B — {x | xis 
€ro integer, and x < 50}, while 5 = T = {х | x is үле 
5 of the English alphabet). This method of designating 
ul for very large sets. 


1-4 SELATIONS BETWEEN SETS 


Every set Contains subsets. In the set of all horses there is a subset whose 
members are white horses, another subset whose members are stallions, 
another Consisting of race horses, etc. If A and B are sets which are so 
related that every element of A is also an element of B, then A is called a 
Subset of B, or A is said to be contained in B, and we write 4 c B; we may 
also state that B contains A, and write B > А. V 7 

IfA © B, and there is at least one member of B which is not in A, then A 
is called a proper subset of B. If A © Band there is no element of B which is 
not also a member of A, then sets A and Bare identical since they then consist 
of exactly the same elements. Thus two sets 4 and B are identical 
in case each is a subset of the other and we write A — B. 

Two sets are said to be disjoint when no ele 
member of the other. The set of all white horse 
horses are disjoint sets; the set of al 
disjoint sets. 


(or equal) 


ment of one set is also a 


5 and the set of all black 
1 airplanes and the set of all rabbits are 


| | haracterize a set by a property that would 
Permit no objects to be in the set. Consider, for example, the set of “аң 
as President of the United States” or the set of 


“all real roots of the polynomial x? + | — 0". The set which has no members 
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is designated by the symbol 27, and is called the empty set or null set. The 
null set is a subset of every set. 

In many discussions all the sets are subsets of one particular set. This 
set is called the universal set (or universe of discourse) for that discussion. 
The universal set is often designated by the symbol 4, a script capital letter 
U. The set of all real numbers is the universal set for some mathematical 
discussions. Since the universal set may change from one discussion to 
another, it is well to avoid misunderstanding by stating specifically what the 
universal set will be. For example, the statement "'there is no number whose 
square is ten" is valid if the discussion is limited to the set of integers or even 
to the set of rationals; but it is invalid if the universal set is the real numbers 
or the complex numbers. 

A set is called finite if it is conceptually possible to identify a separate 
positive integer with each element of the set (i.e., count the elements) and 
verify that there is a largest number in the collection of identified integers.* 
The foflowing sets are finite: the collection of books in the college library, 
the senior class, the set of all trees, the letters of the English alphabet. A set 
is infinite if it is not finite. The following sets are infinite: the set of all rational 
numbers, the integers themselves, the points on a line. A more rigorous 


definition of the words “finite” and “infinite” will be provided later in the 
text. 


1-5 OPERATIONS ON SETS 


Two binary operationsf on sets have many of the algebraic properties 
of ordinary addition and multiplication of numbers, although conceptually 
they are quite different from these operations on numbers, 

The union (logical sum) of two sets A and B is a new set consisting of 
precisely those elements that belong to either A or B or both A and B. In 
symbols, A U B = {x| x belongs to A or B or both}. For simplicity, agree- 
ment will be made at this point that the word “or” shall be used in the 
inclusive sense; that is, the possibility of x belonging to both A and B is 
implied in the use of the word “ог”. In symbols, we need only write 4 U В = 
{x|x eA or xe В} 

The intersection (logical product) of two sets A and B is the new set 
consisting of those elements each of which belongs to both 4 and B. In 
symbols, A à B = {x | xe A and x e BJ. 

These two operations may be extended to apply to more than two sets. 


* The null set is also regarded as finite. 

+ A binary operation defined on sets is а rule affecting every two sets A and B which 
states the manner in which a third set C is to be derived from A and B. The set C is usually 
(but not always) different from A and B. 
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n 
If Aj, Ag, A5,..., А, denote sets, U A; = {x| x belongs to at least one set 
t=] А d Ёё 
Aj}, and n A; = {х |х belongs to all sets A;}. Similarly, for an infinite 
i=l 


collection {4,} of sets Aa we define U A, 


A,} and N 4, = {x 


is customary to use the symbol A’ 
omplement of А. Hence, if Y is the set of all 
people and 4 is the set of all 


EXAMPLES: Let Y — {1, 2, 3, 4, 5, 6, 7, 8, 9, 10}; A = (1,2, 3, 4, 5, 6}; 
В = {5, 6, 7, 8); and C = (1,2, 9, 10). Then AV B= (1,2, 3,4, 5,6, 7, 
85; A ^ B = (5,6); B U C= {1, 2, 5, 6, 7, 8, 9, 10}; BA C= р; д’ 
{7, 8, 9, 10}; 4 ~ В = {1, 2,3, 4}. 


1-6 VENN DIAGRAMs* 


Q AC B, or “set А іѕ a subset of set B”, 
A,B 
CO A=B, or "sets 4 and B are identical”, 


-1783) first introduced i 
ments. John Venn (1834-1923) PEU sien 


Presented an im 
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A 8 Sets 4 and B are disjoint; they have no members or 
E elements in common. In symbols, 4 N B = g. 
B 
B 
B 
A2 
43 


О 


Sets А and В meet each other. In this illustration the 
shaded area represents the intersection A N B of А 
and B. 


The shaded area represents 4 — B, the complement 
of B in A. 


з 
The shaded area represents f) Ai. 
f=1 


| j 
A 
Qu The shaded area represents the union A U B. 
| | 
“( : j 


1-7 THEOREMS BASED ON THE SET OPERATIONS 


Just as one can state and prove many theorems about numbers and their 
operations, so one can state many theorems about sets and their operations. 
Many of these theorems are similar, but because the postulates of sets differ 
somewhat from those of numbers, different theorems will also result. 

To prove that a given set is contained in another, e.g., 4 c B, one 
approach is to let x (or some other letter) represent an arbitrarily chosen 
element of 4 and prove that x is also in B. 

In order to verify that A = B, it is necessary to show that 4 < B and 
B c A. Thus the proof has two parts. 


EXAMPLE 1-7.1: Prove that A N (B— C) c 4 — (BN C). 


Proof: Reason: 

l.Letxe А r^ (B— C) Arbitrary choice 

2. xeAandxe B— C Definition of A (1) 
3. xe Band x¢C Definition of — (2) 
4.x€BNC Definition of N (3) 
5. xeA —(BNC) Definition of — (2,4) | 
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[Be sure to list separately each use of a definition (do not skip steps) and 
in parentheses state which previous lines of the proof the definition applies to.] 

In order to establish that А A (B — C) is sometimes а proper subset of 
А — (В ^ C), we shall construct an example specifying the elements of A, 
B, and C such that the two sets А N (B — C) and A — (B^ C) are not 
equal. If we let A = {1, 4, 5, 7}, B= {2, 4, 6, 7}, and C = {3, 5, 6, 7}, then 
A ^ (B С) = (4) and А — (BN C) = (1,4 5). 


EXAMPLE 1-7.2: Prove that A N (8 Ù C)=(ANB)U(AN C). 
Part I: To show that A N (B U C) c (ANB) о (4 NC). 


Proof: Reason: 

1. Let xe A Qn (BU C) Arbitrary choice 

2. xeAandxeBUc Definition of A (1) 
3. xe BorxeC Definition of U (2) 
4 xeAnBorxeAnc Definition of A (2,3) 
$.xe(4n0B)u(Anc) Definition of U (4) 
Part II: To show that (А (à B)U(AN C)cAn(Bu C). 

Proof: Reason: 

l. Let x e(40 B о (4А т C) Arbitrary choice 
2.xeAnBorxeAnc Definition of U (1) 
*3. xe A Definition of N (2) 
*4. xeBorxec Definition of A (2) 
5. xeBUC Definition of U (4) 
6. xeA N(BUC) Definition of A (3,5) 

Having established both parts, the pr с 


oof is compl ion i 
therefore valid. | Ps сеа но 
Example 1-7.2 is the counterpart in Set-algebra of the 
law of multiplication over addi 


Bebra; but its counterpart 
When facility in establishing Set rela (a ДЕ b) ` (a + c), is not valid. 


* It is often wise to se 
“x€ Aandxe Borxe c» 
cases. For example, step 3 
хє с”, 


- Sometimes the рг two separate 
1 ХЄ А and 
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form of proof does not excuse the student from a complete mental veri- 
fication of all the details shown in the longer form of proof. Omissions in the 
Proof column are not permitted. 


ExAMPLE 1-7.3: Prove that B — U 4;= N (B— A). 
i=1 i=l 
n n 
Part I: To show that B — U A, € f1(8 — A). 
i=l ї=1 
Proof: 
. Let x € B — U 4, 


xeBand x &U) А, 


2. 

i=l 
3. x € B and x does not belong to any А, 
4. x belongs to all B — A, 
5i 


xEN(B—A) 
i=l 
Part II: To show that n (B—A)cB— U А. 
i=1 i=l 


Read the above proof in reverse order to prove Part II. | 


The Venn diagrams are useful in suggesting or illustrating the statement 
of a theorem. Example 1-7.1 could be represented by the following two 
diagrams, which show the relation- 
ship of the sets described. Notice 


that all points in the shaded area of e à 
the first diagram are also in the С, B 
Shaded area of the second. 

It is sometimes convenient to 
number the areas determined bya 2 © 


Venn diagram and associate with — An(B- C) A- (BnC) 
each set the numbers of the areas 


inside it. Compare the latter part of Example 1-7.1 with the numbered 
figure given below. 
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The use of Venn diagrams is limited to the role of illu 
are not regarded as adequate proof of relationships. 
become very complicated when operations relate to more 


stration. Diagrams 
Illustrations often 
than four sets. 


EXERCISES 


1-1. Let V? = fa, b,c, d,e, fog), R = {a,b,c,d}, S = (c, d, ef}, and T= 
{a bg}. Find RS 7, R—S,S—R RAS, SUT SAT, СТ, 
and R' OT’. 


1-7.2. Tabulate the elements of the following sets: 
A = {x| x is a root of the polynomial x? + 5x + 6 = 0}. 
В = {х | x is a prime number and x < 21). 
C = {х | х is a letter in the word "Mississippi"). 
(Note: when tabulating elements, each member of the set need only be 
listed once.) 


1-7.3. Find all of the subsets for eac 


having n elements, (A plausible Buess is accept- 
able here.) 
1-7.4. Draw a Venn diagram of the form illustrated for each of the following sets, 
and shade in the given areas: | 
a(AUB)NC р. (4 вус A B 
bAU(BNC) ha —(Buc) 
c. A-B)AG i (дову C 
d. A —(BnC) j А U(B- cC) 
€ (4nBUC k(4np). c 
f. 


C 
indicate which pair 


PME Norma: see 1-7.5 through 1-721, the student should know the 
et operations U, ^, ang — well t 
these definitions imply the following: А los d E 
Xx € А U B means that x ¢ 4 and x ¢ B; 
X € A NB means that x¢ 4 orx¢ B; 


xé = B means that either х €Aorx belongs to both А and В; 
xé Uu A; means that x does not belong to any 4;; 
n 
хф n A; means that x does not belong to at least one Ai. 
1-7.5. Prove that (4—B)nCcA-. (B ^ C), and constru: i 
J > ct a specifi le 
showing that (4 — B)^CzA PLE 


s — (В A С). (See Example 1-7.1, which 
illustrates the type of work expected.) 
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Exercises 1-7.6 through 1-7.11 are to be completed in the same way as Exercise 1-7.5. 
1-7.6. (4 — B) ^ (C р) = (A N C) -(Bn D) 

1-7.7. (4— В) ^n(4— C) c A- (Bn C) 

L78 (4uB)—-CcAv(B-C) 

1-7.9. 4n(BuC)c(AnB)uC 

1-710. (4 UB) — (C Y D) c(4— C) u (B — D) 

1-711. (4 — C) U(B — D) c (4 UB) - (C^ D) 


For Exercises 1-7.12 through 1-7.21, prove the set equalities given, following the 
general pattern illustrated in Example 1-7.2. 


1-712. A - (B U C) -(4— B) - C 

1-713. (A NB) C 2 An (B—- C) 

1-7.14. (A ^ C) — (B U D) =(A — B) ^ (C — D) 
1-715. (40 B) - (An C) - An (B— C) 
1-716. A — (B NC) = (4 – B) U (4 – C) 
1-717. A - (BU C) = (А — B ^ (4 – C) 
1-718. A U (B A C) = (4 v B)n(AvcC) 


1749. B — (14, = Ù (8 — 4) 
i=l i=l 


For Exercises 1-7.20 and 1-7.21 assume that infinitely many sets A, are involved. 
1-7.20. B — U 4, = (18 – A) 
a a 


1-7.21. B — N 4, = U (B — A) 
a a 


2-1 INTRODUCTION 
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We shall, however, choose to start far out in this process and describe 
the real number, system itself by means of a few fundamental properties or 
axioms. In general, axioms are basic assumptions which are not proved; 
it is only necessary that they be consistent. If one or more of the axioms 
should be changed, a different mathematical system might result. The 
conclusions obtained from the axioms by logical reasoning are called 
theorems. Because the theorems in this text will become increasingly difficult, 
it is well to start this chapter with a section on logic. 


2-2 ELEMENTARY LOGIC 


To communicate ideas in speech or writing, we use sentences. Sentences 
which have the property of being either true or false are called statements, 
and are illustrated by examples like “this desk is green”, "the clock has 
stopped”, and “two plus five equals seven”. Of course, since statements can 
be false, “two plus two equals eight" is also an example of a statement. 
It must be remembered that the truth or falsity of a statement often depends 
upon which element of the universe of discourse is being considered—e.g., 
which desk, or which clock. 

Let the letter A and the letter B denote statements. The statement “A 
and В” is called the conjunction of A and B. An alternation (sometimes called 
disjunction) is a statement of the form “A or B”. The composition of several 
declarative sentences into one statement can be described by means of a 
truth table. Letting T and F denote “true” and "false", respectively, the 
truth tables for conjunction and alternation read as follows: 


Conjunction Alternation 
А | В || AandB А|В Aor B 
T [иш T quen T 
JUS E TF T 
Pal or F EHET T 
Pak F F|F E 


Notice that all possible combinations of truth values (that is, T and F) are 
associated with A and В. Note that the conjunction is true only when A and 
B are true, while the alternation is true for all cases except where А and B are 
both false. 

To deny a statement is to affirm another statement known as the negation 
of the first. For example, the negation of "this desk is green" could be 
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stated “this desk is not green", or “it is not true that this desk is green”, 
or “it is false that this desk is green”. The truth table for negation is very 


simple: 
Negation 
A not A 
T|r 
F T 


An implication is a Statement of the form “if H, then C” (sometimes 
symbolized H —› C, and read “Н implies C"). The statement H associated 
with the word “if” is called the hypothesis, and the statement C associated 
with the word “then” is called the conclusion. The statement “if two given 
triangles are Congruent then their areas are equal” is an implication, An 
implication is false only if the hypothesis is true and the conclusion is false; 
hence the truth table for implications is constructed as follows: 


Implication 


At first thought one might su ^ 
two lines of this truth table. Ho i best to omit the last 


must be completely 
n this way. 


: umns are inc 3 
computation: luded for compa 
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Original | Converse: Inverse: || Contrapositive: 
Hic Implication: fC j if not H, if not C, 
if H, then H then not then not 
then C c H 
T T 
T E 
F T 
F T 


From this analysis, it is clear that (1) the validity of the original proposition 
and the contrapositive always agree—that is, if one is true, so is the other; 
or if one is false, so is the other; (2) the validity of the converse and the 
inverse always agree. Sometimes a theorem can be more readily estab- 
lished by stating and proving its contrapositive, thus proving the original 
theorem. 

Implications often appear as simple statements such as “base angles of an 
isosceles triangle are congruent” or “‘all books are heavy". These statements 
can be restated in if-then form by proper utilization of the definitions of the 
terms involved. The first example could be written, “if a triangle is isosceles, 
then the base angles are congruent,” and the second example takes the form, 
“if an object is a book, then it is heavy”. 

Frequently, a theorem with a valid converse will be presented in such a 
way that both are included in a single sentence, as “Баѕе angles of an 
isosceles triangle are congruent, and conversely". Two other ways of 
expressing this same thing, often found in mathematics, are “two angles 
of a given triangle are congruent if and only if two sides of the triangle are 
equal" and *'a necessary and sufficient condition that two angles of a triangle 
be congruent is that two sides of the triangle are equal". No matter which of 
these three ways is used, the student must clearly state the implication and 
its converse, and then furnish two complete proofs, one for the implication, 
and one for the converse. 

Let us now construct the truth table for the statement “А if and only if 
В”, sometimes written 4«— В and read “А is equivalent to B". Since 4» В 
is defined by the conjunction A — B and B — A, it is possible to derive the 
truth table for <> from the truth tables of conjunction and implication. 
Extra columns have been used to indicate the successive steps used in this 
computation (see table at top of next page). Column (5) is obtained from 
columns (3) and (4) by use of the conjunction table. It is seen that if 4«— В 
isa true statement, then A and B have the same truth values—either both are 


true, or both are false. 
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Equivalence 
а) | (2) (3) (4) (5) 
А B A—>B || B>A || д B 
T 1 T T т 
1U F Е T Е 
Е 25 T F F 
F E 1t 2 T 
EXERCISES 
Which of the following sentences are Statements; 
à. Kangaroos are not suitable for pets. 
b. What time is it? 
c. Walk right in. 
d. The quick brown fox jumped Over the lazy dog. 
€. Just because my eyes are closed, don't think I am asleep. 
f. Now is the time for all Bood men to come to the aid of the party. 
Construct truth tables for each of the following: (Parentheses are used to 
avoid ambiguity.) 
a. A or (not B) h. if A, then (not B) 
b. (not A) or B i. if (not A), then B 
c. not (A or B) ј not (if A, then B) 
d. (not A) or (not B) k. if (not A), then (not В) 
€. A and (not B) l Ac not B 
f. not (4 and B) m. not (4 <> В) 


g. (not A) and (not B) 
Indicate which of the abp 
attention should be given 
Statements d and f. 


з 


- (not 4) <4 (not B) 
ve statements have the Same truth table, Special 
to the comparison of Statements c and g, and 


Give the negation of each 
a. Some horses are white. 
b. No horse is white, 

c. All horses are white, 

d. The owl and the Pussycat went to sea, 
е. ГЇЇ pass this Course or І 


of the following Statements: 


"ll know the reason why, 


Restate the following implications in if-then form, and Bive the converse, the 
inverse, and the Contrapositive: 

a. All philosophers are wise, 

b. No Philosopher jg wicked, 
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2-3 THE FIELD AXIOMS 
AND RELATED THEOREMS 


In the following sections a single element may be represented by more than 
onesymbol. Weshallwrite a — b if, and only if, the symbols a and 5 represent 
the same element of a given set. 

Two of the operations in the real number system are addition and multi- 
plication. They are often called binary operations because they serve to 
combine two elements (numbers) in prescribed ways. The familiar operations 
subtraction and division are defined in terms of addition and multiplication 
respectively. We shall start with eleven axioms, five of which (А-1 through 
A-5) describe addition, a similar five (M-1 through M-5) which describe 
multiplication, and one (labeled D) which interrelates the two operations in 
a particular way. Let R designate the set of real numbers. We have: 


A-1. Every pair of numbers a and b in R have a unique sum a + b, which 
is also in R. (The closure law for addition.) 


А-2. For a and b in R, a + b = b + а. (The commutative law for addi- 
tion.) 

А-3. For a, b, and c in А, a + (b + c) = (a + b) + с. (The associative 
law for addition.) 

А-4. There is a number іп А, symbolized by 0 and called “его”, such that 
for each a in R, a + 0 =a. (The existence of an additive identity or 
zero element in R.) 

A-5. For every a in R, there exists a number in А, symbolized by —a, such 
that a + (—a) = 0. (The existence of an additive inverse or negative 
for each real number a.) 


The difference between a and b is defined as a + (—5), and the indicated 
operation is called subtraction. Often, a — b is used as an abbreviation for 
а + (—b). (Caution: the reader should not make the mistake of calling the 
symbol *—а” a negative number. As we shall see later, this symbol may 
stand for a positive number, a negative number, or even zero, depending 
upon a itself. The symbol —a should be called “ће additive inverse of a" 
or simply the “negative of a”.) 

M-1. Every pair of numbers a and b in R have a unique product ab, which 

is also in R. (The closure law for multiplication.) 


M-2. Foraand b in R, ab = ba. (The commutative law for multiplication.) 


М-3. For a, b, and c in R, a(bc) = (ab)c. (The associative law for multi- 
plication.) 
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M-4. There exists a number in К, symbolized by 1, where 1 Æ 0, such that 
for each ain №, a-1 = a. (The existence of a multiplicative identity 
or unit element in R.) 


M-5. For every a 0 in R, there exists a number, symbolized by ai 
that а · a1 — ]. (The existe 
real number a other than 0 : 


, such 
nce of a multiplicative inverse for each 


the term reciprocal is also used.) 
The quotient of a and b, (b 5 0), is defined аза. b, or equivalently, ba, 
and the indicated operation is called division. A common way of designating 
the quotient is afb. 


D. For a, b, and c in R, a(b + c) 


85 — ab + ас. (The distributive law of 
multiplication over addition.) 


Note that if b — c is given, then a + b = @+ c and ab = ac for any 
number a € R, since, by axioms А-1 and M-1, the Sum and product are 
uniquely defined, and hence certainly do not depend on the symbols used to 
represent the numbers involved, For the same reasons, if a = b and c = d, 
then a + c = b + d and ac = bd. 


These eleven axioms are called the field axio 


ms, and i | 
which satisfies the field axi ng any algebraic structure 


THEOREM 2-3.1: The Cancellation Law SM 
implies that b = с, Jor Addition: b+ а =с+а 


Ку: Км t Reason: 
Hypothesis 
2 к) e = (с + a). т (=a) АЈ] 
- b + (a+ (—a) = с + — 
predica O en ew as 
5. b zc А-4 | 


THEOREM 2-3.2: Мача а, then a = 0 


Proof: 

we л =. Reason: 
2,.a+0=4/ A pothesis 

3. a Tac, H- 0 rs : 

4,a=0' , Equality of (1) and (2) 


A-2, Theorem 2-31 | 
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in order to make the proof more understandable. Be sure that the restatement 
is equivalent to the original theorem. 


THEOREM 2-3.3: The additive inverse of a number is unique. 


RESTATEMENT: If a number b has the property а + b = 0, then b = —a. 


Proof: Reason: 
l.a+b=0 Hypothesis 
2. a+ (—a)=0 A-5 


з. a+b=a+(—a) Equality of (1) and (2) 


4. b+a[=(—a)+a A-2 
5. b= —а Theorem 2-3.1 | 


THEOREM 2-3.4: The additive inverse of a — bis b — a; ie.,—(a — b) — 
b — a. М 


Proof: | Reason: 
1. a+ (—a) = 0 A-5 
2. b+ (—5) = 0 А-5 


3. [a + (—a)] + (Р + (—5] = 0°. А-1, А-4 
4. [a + (—b)] + [b --(—2] —- 0 А-2, А-3 


5. (a— b) --(b—a) = 0 Abbreviation 

6. (a — b) + [-(a — b) = 0 A-5 

7. —(a—b)=b—a Theorem 2-3.3 | 
EXERCISES 


Each of the following statements about real numbers is a theorem derivable 
from the eleven field axioms. Prove each one in a manner similar to the proofs 
of the preceding theorems. | 


2-31. The additive identity is unique. [Hint: Consider the restatement “‘if an 
element b has the property a + b = a for all real numbers a, then b = 0”.] 


2.32. The additive inverse of the additive inverse of a number b is b itself; i.e. 
—(—b) = b. , 


2-3.3. The negative of zero is zero itself; i.e., —0 = 0 


2-3.4. The cancellation law for multiplication holds; i.e., ba = ca, and a 0 
imply b = c. 


2-3.5. The multiplicative inverse of a non-zero number is unique. 
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2-3.6. The multiplicative identity is unique, 
2-357, 13] 


2-3.8. (с — b)+ (b a) cg 


2-3.9. The additive inverse of a +b is Be bates, —(a 4 b) = —a —b. 
[Note that —a — b is the abbreviation for (—а) +( —b).] 


2-3.10. (c +a) — (c +b) =a -b 


2-4 SOME FURTHER THEOREMS 


THEOREM 2-4.1: a- 0 = 0, where a is any real number, * 


Proof: Reason: 

1. 0--0—0 A-4 

2.a:(0+ 0) –а:0 M-1 

3. a: (0-0) — a-0.. a. D 

4. a:0-- a-0— q.9 Equalit of (2 
5.a-0=0 : fo 


heorem 2-32 | 


A corollary is a Statement which can be establi i 
H P : 
very little additional proof. Noon аи 


COROLLARY 2-4,1: Zero has DO reciproca]. 
Proof: If there exists a number 


071 su 20 
2-4.1 would be false, 1 кше 1, then Theorem 


COROLLARY 2-4,2. If a 52 0, then а-1 


Proof: If a = 0, then а.а 0, b 
tradicts M-5. Hence g—1 cannot be 0. 1 = соге ou 


#0. 


mus but this con- 
e 0. 


Corollaries 2-4,1 and 2. 
One shows that if the conc] 
valid statements will exist, 


-4.2 demonstrat, 


. € the so-called indirect proof. 
usion is false the ee 


П a contradiction with previous 


THEOREM 2-42: If ab = 0, then either a — Oorb 0 
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RESTATEMENT: If ab = 0 and a 5 0, then b = 0. 


Proof: Reason: 

l. ab — 0 Hypothesis 

2. a (ab) = 0 M-1, Theorem 2-4.1 

3. (aa)b = 0 M-3 

4. 1: b —0 M-2, M-5 

5. b —0 M-2, M-4 | 
EXERCISES 


In some of the following theorems, which the reader is asked to prove as 
exercises, zero occurs in conjunction with multiplication. 


2-41. If a #0, then (a)! =a 
2-4.2, a/b = 0 (where b + 0) if and only if a = 0 


2-4.3. If a #0, then 1/a = a-!; that is, “unity divided by a is the multiplicative 
inverse or reciprocal of a". 


2-44. If a #0 and b 0, then (ab)-? = a-1b-! or 1/ab = (1/a) (1/b). 


2-4.5, If b #0 and d 0, then a/b = ad/bd. [Hint: Use the notation of multi- 
plicativesinverses and convert to reciprocal form on the last step.] 


2-4.6. If b + 0 and d + 0, then (a/b) (c/d) = ac/bd. 


2-47. If b #0 and d #0, then a/b + cjd = (ad + bc)/(bd). LHint: Consider 
(bd)-(ad + bc) and use the distributive law.] 


2-5 THEOREMS INVOLVING 
MULTIPLICATION OF ADDITIVE 
INVERSES 


The following theorems and exercises describe the additive inverse in 
relation to the operation multiplication, and help to lay the groundwork for 
the familiar rules governing multiplication of signed numbers. At this! 
stage of the development of the real number system, we have not yet discussed 
positive and negative numbers. The statement (—a)(—b) = ab, which 
appears in the exercises, should not be read “the product of two negative 
numbers is positive", but instead “the product of the additive inverses of two 
numbers equals the product of the numbers themselves”. 
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THEOREM 2-5.1: (-)(-0)0-21 
Proof: 


Reason: 
1. (-1):0—0 Theorem 2-4,1 
2. (DU + (0) = 1 + (—1) А-5 
3. (—1)-1 + (—1)(—1) =1 + (-1  D(Qeft member of (2)) 
4. (=) -(-D(-D-1 (1) M-4 
5. (—1)(—1) =1 


A-2, Theorem 2-3.1 IE 


EXERCISES 


2-5.1. (—1): a = —a. [Hint: Start with 1 + 
2-5.2. (—a)(—b) = ab 

2-53. (—a) -b = —(ab) 

2-5.4. a(—b) = —(ab) 

2-5.5. (—a)/b = —(a/b), b + 0 

2-5.6. a/(—b) = —(a/b),b + 0 


2-5.7. a(b — c) = ab — ac. (This is the distributive law of multiplication over 
subtraction.) 


(—1) = Oand multiply by а.] 


2-5.8. Prove that the general linear equation, ax + b — 0, a = 0, has the unique 
solution x — —(bla). d 


2-6 THE AXIOMS or ORDER 


In addition to the field axioms, the Teal numbers 
is based 


which on the following axioms. The axiom 
abstract Property of positiveness, We do not define 
it as a primitive Concept. 


have an order relation, 
S of order relate to the 
Positiveness, but accept 


O-1. Some numbers 
0-2. For any num 


true: а = 0; 


с n У one of the following statements is 
‚а1з Positive; —g į 


S positive, 


Беј ls negative if and dU n iti 
following definitions Pertain to thie order fadi, £ —a is positive, The 
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defined by the statements “х < y if and only if y — x is positive"; 
“x > y if and only if x — y is positive". 


2. The symbols < (is less than or equal to) and > (is greater than or 
equal to) are defined by “х < y if and only if either x < y or x = y”; 
“x > y if and only if either x > y or x = y". 


It should be noted that x — y and y — x express the same order relation 
or inequality and hence are equivalent statements. The two statements 
x < y and у > x are also equivalent. The simultaneous inequalities x < y 
and y < z are usually written as the single statement x < у < z, and a 
similar explanation applies to x < y < 2. 

The axioms of order, together with the earlier axioms and theorems, 
now permit the proof of many new theorems which express additional 
properties of the real numbers. The style of proof in the theorems which 
follow is less formal, though not less rigorous, than our previous proofs. 
This “paragraph style" of proof is almost universally used in the more 
advanced works on mathematics. 


THEOREM 2-6.1: a > O if and only if a is positive. 


Part I: If a is positive, then a 0. Proof: a—0 — а + (—0) = 
a + 0 =a, and a is given as positive. By the definition of the symbol — 
we may now write a > 0. 


Part П: If a> 0, then a is positive. Proof: a > 0 implies that a — 0 is 
positive. But a — 0 = a, as seen in Part I. Thus a itself is positive. | 


THEOREM 2-6.2: (The transitive law for order relations). If a < b and 
b < c, then a < c. (Also, a > b and b > c imply a > с.) 


Proof: a < b means that b — a is positive; b < c means that c — b is 
positive. By O-3, (c — b) + (b — a) is positive. But (c — b) + (b —a) = 
€ — a; thus c — a is positive, and a < c. 


EXERCISES 
Eachiof the following exercises involves the order axioms. Prove each statement, 
(Wore: By definition, a? = a+ a; a? = a“ a - a; etc.) 


2-6.1. The law of trichotomy: For any a and b in R, one and only one of the 
following is true: a < b; a = b; or a > b. 


2-6.2. Additivity: If a > b, and c is any real number, then c + a > c + b and 
ate>b+e 


flee_No—!6424 
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2-6.3. 
2-6.4. 
2-6.5. 


2-6.6. a? - (Note: this proves 1 > 0] 


2-6.7. The equation x2 + 1 = 0 has no real solution, 

2-68. If asp and c <0, then са < ср and ac < be, [Multiplication of an 
inequality by a negative number Teverses (the sense of) the order relation.] 

2-69. Каз Positive, then q-1 is positive, and if a is negative, then a-1 js negative. 

2-6.10, If 0 <a <, then 0 < 1/b < 1а 

2-6.11. If a > bandc > а, then a +e>b+d anda aid bo 

2-6.12. Ifa >b >0andc >d > 0, then ac > bd and ald > bfe 

2-613. If a > 0 and b > 0, then a? > p? if and only if a > b. [Hint; Consider 
d —5* = (а — big + 5] 


2-6.14, 


any real number. The absolute val i 
defined by ue 0f x, written |x|, is 
X, if x 
Ixl 20, 
%ifx<o 


E 
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THEOREM 2-7.3: If a denotes a positive real number, then a > |x| if and 
only ifa > x > —a. 


Part I: If a> |x|, а> 0, then a> x> —a. Proof: By hypothesis 
and Theorem 2-7.1, a > |x| > x and а > |х| > —x. Thus а > х and 
a> —x. Multiply the second inequality by —1 to obtain —a < x; 
hence a > x > —a. 


Part II: If а> x 2 —a,a 2 0, then a> |х|. Proof: If x >0, then 
a > x = |x| by hypothesis and the definition of absolute value. If x < 0, 
then |х| = —x. Now, —a < x is equivalent to а > —x (multiply —a < 
x by —1), so a > |х|. | 


EXAMPLE 2-7.1: Find the values of x which satisfy the inequality 
|x — 3| < 5. 
By Theorem 2-7.3, —5 < x — 3 < 5; adding 3, we get —2 < x < 8. 


EXERCISES 
In Exercises 2-7.1 through 2-7.6, find the values of x which satisfy the given 
inequalities*: 
2-11. |x + 4| <2 2-7.2, |4 — 5x| <6 
2-13. |3х – 2| <7 2-7.4. |x + 1| < |x! 
2-7.5. |ix 2|] 25 2-7.6. [4x +21 24 


[Hint: In Exercise 2-7.5, solve |3x — 2| < 5; the solution set for [3x — 2| > 5 
is the complement in R of the solution set for |3x — 2| < 5. In Exercise 2-7.6, 
solve |4x + 2| < 4] ў 


In Exercises 2-7.7 through 2-7.12, prove the indicated properties: 
2-13. |ху| = |x| * |y| Hint: consider all possible cases of sign for x and y.] 
2-7.8. |x[yl = Ixl/lyl, where y #0 


2-19. |x| = | ^xl [Note: this proves that |x — y| = |y — х], since —(x -y)= 
у=х1 


2-710. |х — yl + ly = z| = lx — zl 
2-741. |x| + |y| Z Ix — yl 


2-742. |x| — |у < Ix — yl 


* For the definitions of the symbols 2, 3, 4, etc., see the first paragraph of Section 2-8, 
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2-8 NATURAL NUMBERS, INTEGERs, 
AND RATIONAL NUMBERS 


. In Particular, it contains 


› denoted by the sym 3 denotes 2 +1= 


ee LT 


em is the Subse 
umbers that са 


Um of two natura] 


Oduct of two natural numbers 


et of natural numbers together with their 
negatives. An integer which can be written in the fo; 2n. 

an integer is called even; an Integer whi 

takes the form 25 +1. 

Prime if there exists No fact, 


the set of integers other than the 
two trivial factorizations P=1-pand P= (1) ` *Wo integers рапід 
аге said to be relatively prime if p = go and g = ро Where а, b, and с are 
integers, implies that Je] = l; in other Words, two integers are relatively 
prime when they share no Common integra] actor other than ] and — 1, 
The rational number System Consists of all rea] numbers of the form a/b, 
where a and b are integers and р * shown that any ordered 
field Must con Subsystem algebraically Similar to the 
rationa] numbers*. Oreover, the Tationa] numbers them. 
Selves Constitute ап ordereq field, 
42 er, the Tationa] 
Often, the qi 


Orization of p in 


etween Points in uclidean Space 
op, T ÉPresenteq by any rational ny 

1 B triangle with ihe; nd base of length one 
e Ythagorea eore; i i 
y ) m, the hypotenuse 15 of length 
У, The square Toot of 2 ig not rational, In order © Prove this we fst 
establish the following lemma, C Statement į f 
the proof of a theorem) m 
BUE. Similarity ig defined 

(cf. Birkhoff and Масга 


ied in any standarg 
ne, A Su 
Macmillian Company, New York, 12. A Modern 4 bra, Т, 
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LEMMA 2-8.1: If a? is even, then a is even. 


RESTATEMENT (contrapositive): If a is odd, then а? is odd. 


Proof: Let a — 2n + 1, where n is an integer. Then a? = 4r? + 4n + 
1 = 2(2n? + 2n) + 1 =2m + 1, where т = 2n? + 2n. Hence, а? is 
odd. | 


THEOREM 2-8.1: V2 is not a rational number. 


We shall use an indirect proof. 


RESTATEMENT: “If м2; is rational, then we are led to a contradiction". 
Proof: 


Any rational number can be written in the form plq, where p and q are 
relatively prime integers, because of the property ac|bc = a/b. Assume 
pla = V2, q 0, and p and q are relatively prime. Then р?/4° = 2, or 
р? = 24°, so р? is even. By the preceding lemma, p must therefore be 
even, and hence representable in the form p — 2n, where n is an integer. 
Thus, p? = (2л)? = 4n? = 24%, or 2n? = 4°. Hence q? is even, and by the 
lemma, q must also be even. But this means that p and q have a common 


factor of 2 and contradicts the assumption that p and q are relatively 
prime. | 


All real numbers which are not rational are called irrational. Common 
examples of irrational numbers are Ур, where р is a prime number; т, the 
ratio of the circumference of any given circle to its diameter; and e, the base 
of the natural logarithms. 

In order to fully characterize the real number system, one additional 


property, called the completeness axiom, is needed. This will be discussed in 
the next section. 


EXERCISES 


2-8.1. Prove that: (a) The sum of two even integers is even; (b) The sum of two odd 
integers is even; (c) The sum of an even and an odd integer is odd; (d) The 
product ab of two integers a and b is odd if and only if both a and b are odd. 


2-8.2. Given any two rational numbers a and b, where a — b. Prove that there 
exists a rational number x such that a < x < Б. [Hint: Prove that а < 
(а + b)/2 < b] 


2-8.3. Prove that if a is rational and b is irrational, then a + b is irrational, 
[Hint: Use an indirect proof.) 
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2-9 COMPLETENESS 


Let S denote any non-empty set of real numbers, 


bis not necessarily in S, is called an upper bound fo. 
in S. 


A real number b, where 
T S if x <b for every x 


EXAMPLE 2-9.1: Let S — (1,3, 5, 7). By the above definition, 10 is an 


upper bound, and so are 53, 1000, and 37. The upper bound is not unique, 
since 7 or any number greater than 7 will serve as an upper bound. 


Not all subsets of the real numbers have upper bounds, 


EXAMPLE 2-9.2: The set S = 
bound. This fact is established by the following indirect proof: Suppose b 
is an upper bound for S; then0 < 1 <b, si 
sob + lis positive, and therefore in 5, an 


db + lis greater than the proposed 
upper bound b. This contradicts the defi 


nition of upper bound. | 
Sets which have an upper bound are said to be bounded above, 


EXAMPLE 2-9.3: Let 5 = {х | X — п|(п + 1), wherez isa Positive integer). 
S is an infinite set with elements | /2, 2/3, 3/4, 4/5, etc. Since n +1 > n, we 
ned by multiplying the first inequality by the 

ber 1 is an upper bound for S. 
A real number c is called the least upper bound (abbreviated Lu.b.)* of 
a set Sif (1) c is an upper bound f for any upper bound b other 


Exercise 2-6.1, the 
and c could not both 
We now state the f; 


nal axiom needed to describe the real number system 
К, called the Axiom of Completeness: 


C: If Sis any non- 


empty set of real numbers уу] 
R, then S has 


hich has an upper bound in 
a least upper bound in R. 
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Some important theorems which are usually associated with the axiom 
of completeness follow. 


THEOREM 2-9.1: (The Archimedean Principle) If b and c are real numbers 
and if c > 0, then there exists a natural number л such that nc > b. 


Proof: (Indirect) Suppose there exist real numbers b and c where c > 0 
and nc < b for every natural number л. Then b is an upper bound for 
the set 5 = {х | x = пс where n is a natural number}. By the Axiom of 
Completeness, there exists а real number a where а = l.u.b. S. Since 
a — c < a, it must be true that a — c is not an upper bound for S, and 
hence there exists an element nce S such that nc > a — c. But this 
implies (n + 1)с > a. Now, since (n + 1)с also belongs to S, this last 
inequality contradicts the assumption that a isan upper boundfor S. | 


COROLLARY 2-9.1: For every real number b, there exists a positive integer 
n such that л > b. (Note: This is equivalent to the statement: “Тһе set of 
natural numbers is unbounded above.") 


Proof: Let с = 1 in Theorem 2-9.1. | 


COROLLARY 2-9.2: For every real number b, there exists an integer т 
such that m < b. 


Proof: By Corollary 2-9.1, there exists an integer n such that n > —b; 
hence —n < b;let m = —n. 


ConoLLARY 2-9.3: For every positive real number b, there exists a natural 
number л such that 1/n — b. 


Proof: By Corollary 2-9.1, there exists a natural number n such that 
n> l/b. Multiplying both sides of this inequality by n^!b, it becomes 
l/n < b. | 


THEOREM 2-9.2: Given any real number x, there exists an integer k such 
thatx —1 <k <x. 


Proof: By Corollaries 2-9.1 and 2-9.2, there exist integers m and n such 
that т < x < п. Choose the largest integer k from the finite collection 
m, m+1, m-F2,...,n, such that k < х. Thus k+ 1 >x. Con- 
sequently, k > x — 1. This proves the theorem. | 


THEOREM 2-9.3: (The Rational Density Theorem) If a and b are any two 
real numbers with a < b, then there exists a rational number г such that 
а<ғ< 6. 
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Proof: By Corollary 2-9.3, there exists a natural number n such that 
lin < b — a, or equivalently, a < b — l/n. By Theorem 2-9.2, there 
exists an integer k such thatnb — 1 <k < nb; 
Combining the appropriate in iti 

Let r = k[n; then a < r < b [| 


THEOREM 2-9.4: Let 5 denote any real number and let 5 = {x| x is a 
S. 


rational number and x — b}; then b = l.u.b. 


Proof: Obviously, b is an upper b 
then, by Theorem 2-9 3, th: 


icts the assumption that c 
is an upper bound for S. Therefore c — b. | 


THEOREM 2-9.5: If a and b are real numbers and a > 1, then there exists 
а natural number л such that а" > p. (Compare this statement with Theorem 
2-9.1.) 


Proof: (Indirect) Suppose а" < b for all natural 


Now c < ac, or equivalently, 
an element a” in § such that 


mption that c is an 
< b must be abandoned, and the 


The following Corollary is useful ina discussion of decimal representation 
of real numbers: 


COROLLARY 2-9.4: The Powers of 10, that is, the set S — {x | x = 107 
Where n is a natural number}, js unbounded above. 


Proof: This statement isas 


necessarily in S, is called 
number c is called th 
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written c = g.l.b. S)* if (1) c is a lower bound for S and (2) for any lower 
bound b other than c, b < c. 
A set S is said to be bounded if there exists an upper bound and a lower 


bound for S. 

We now return to Example 2-9.3 of this section and consider the set 
S = {x| x = n[(n + 1) where n is a positive integer}. As was observed, 
1 is an upper bound for S. 


Claim: 1 = l.u.b. S. 


Proof: (Indirect) Suppose that с = 1.0.Ь. S and с < 1. Then there exists 
a natural number k such that l/k < 1 — c, by Corollary 2-9.3. Hence 
c < 1 — к = (k — 1)/k. But this means that c is less than an element 
of S. (If k = 1, then c is less than all elements of S.) This contradicts the 
assumption that c is an upper bound of S. Thus c — 1. | 


EXERCISES 


2-9.1. Give several real numbers which serve as upper bounds, and also several 
lower bounds, for each of the following sets: 
a. S = (2, 7, —3, 0, 8}. 
b. S = {х | x = n? + 2 where п is a natural number less than 4}. 
с. S = {x | x? < 9/4). 

2-9.2. Let a and b denote real numbers. Prove that if 0 <a — b < e for every 
positive real number e, then a = b. 


2-9.3. Prove that if c > 0 and d > 0, then there exists a natural number п such 
that c/n < d. [See Corollary 2-9.3.] 


2-9.4. If x denotes any real number, prove that there exists a unique integer п such 
that n € x <n + 1- [Hint: Follow the general pattern of the proof of 
Theorem 2-9.2.] 


2-9.5. If Sis a non-empty set of real numbers with a lower bound, prove that there 
exists a greatest lower bound of S. [Outline: Let 7 — (x | —x € S). Prove 
that if b is a lower bound for S, then — is an upper bound for Т. Use the 
Axiom of Completeness to obtain a number c = l.u.b. 7. Then prove 


that —c = g.l.b. S.] 

2-9.6. Prove that the greatest lower bound of a given set S bounded below is 
unique. 

2-9.7. Prove that if c = g.l.b. S and d > с, then there exists an element x e S 
such that x < d. 


* The word infimum (abbreviated inf )is often used in place of “greatest lower bound”. 
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2-9.8. Let S — (x |x = Gn + 2)/n where n is a 


Positive integer). Prove that 
(a) 5 — Lu.b. S, and (b)3 = gb. S. 


2-9.9. If a and b are any two real num 


2-9.10. Let b denote a positive real number, Prove th; 


number л such that 1/10" < p. [Hint: This follo 
2-9.4.] 


at there exists а natural 
ws easily from Corollary 


2-9.11. Prove that for any two re 
rational number k/10" where k is a 
that a < k[10" < b. [Hint: Use Problem 2. 


is, given any positive number є 
fraction k/10” such that c — e < К[10" < c. 


2-10 CONSTRUCTION OF DECIMAL 


APPROXIMATIONS FOR REAL 
NUMBERS 


Consider a Positive rational number of the form 


х = b,(10)" + p, (19i STARR 


10 o * ро" 
Where n, m, a;, b 
A number of this type is most с 


EXAMPLES: 
524 = S(10)® +. 2010) + 4 
4 
20.004 =. 2 10 —; 
dd 
2 2 1 5 
3:95 3 s Ss Met ше. 
10 10° ` 1g 
— 


* itive 
The positive “Hons can be represented in this form, 
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We will now show how to construct a terminating decimal approximation 
for any given positive real number c. 
There exists an integer b such that b <c < b + 1 (cf. Exercise 2-9.4). 
Since 
b-b-rFMIO —b5--2/10 —... —b + 9/10 — b 4- 1, 
there exists an integer a,, where 0 < a, < 9, such that 


a (a, + 1) 
Бр ob UR SAM 
+70 Е 10 
Ѕіпсе 
Вара er pati e 
10 10 ite 10 10? 
a 9 а +1 
«b4- = сер LA, 
10 ^ 10 T 10 
there exists an integer a, where 0 < a, < 9, such that 
a a a а, + 1 
b+44+42<c<b4442— 
10 10° 10 10* 


Repeating this process k times, we obtain 


: 1 
DESI Жай, D. Leu A scope fM Sas ш. Жарыш, 
10 * 108 * 10* 10 10 H 10* 
Therefore 


0 «e- (o ае у... 2) < 1/10" 

ло 19 * о | 

Апу desired degree of accuracy can be obtained by taking К large enough. 
Since it is conceptually possible to continue the above process indefinitely, 

we may consider the infinite set 


S, = (b, b.a,, Б.азаь, Б.а1аза3, ``} 


THEOREM 2-10.1: c = Lu.b. Se- 


Proof: cisan upper bound for S, since, by construction, Б.азазаз ау = 
с for all К. Let d be any real number less than c. There exists a natural 
number n such that 1/10" < c — d. (Cf. Exercise 2-9.10.) Also, by 
Construction, 

c — (b.aya5 * 5 * а,) < 1/10". 


Combining the last two inequalities, we have c — а> c— (ba, ::a,) 
or < baa; ---a,. Hence d is not an upper bound for 5,. ] 
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The statement “с equals the unending decimal (or non- 
b.a,a;25 * * ~ is defined to mean c = Lub. S,. Thus, Th 
restated: "Every real number с> 0 can be ex 
decimal." Conversely, eve 
number since b.a,a;a, - + 
completeness axiom, 
Б.азаз, Б:азазаз, ©}. 

To represent а negative real number d by 
that —d > 0. Hence —d сап be ex 
therefore write d — —(Б.а;азаз · - -) 


terminating decimal) 
eorem 2-10.1 can be 


pressed as an unending 
Ty such unending decimal must represent a real 


715 bounded above by b + 1 and hence, by the 
there exists a least upper bound of the set (b, b.a» 


a decimal expansion, we note 
pressed in the form b.a,a,a,-++; we 


EXERCISE 


2-10.1. Prove that the first four elements of Sy 


are 1, 1.4, 1.41, 1.414, [Hint: 
Verify that 1 < V2 <2, 14 < V3 <15 


» etc. using Exercise 2-6.13-] 


2-1! REPEATING DECIMALS 


Some decimal ex 
such as 4.3333... or 13.125 


The sum a + ar + gp 


P › Where a and г are real numbers and 
n is a natural number, is 


called a geometric series, 


THEOREM 2-11.1: If r Æ 1, then 


— prt 
ce Cll ла e E 
l-r 
+... + ar^; then 
EOT Ашна! ECTS SEE ана 
Subtract the second expression from the first to obtain 


Proof: Let x = a + ar + ar? 


X — xr =a — arn; 
hence 
x(t —rn=a(l Sar) ОГ ates ee) 
=r 
THEOREM 2- 


Ij: Ifa > 0and 0 — r <1, then 


a — pH 
ey Lu.b, {x |x= eee Where n is a natural number). 
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Proof: 
a(1—r*8) ату гаг" 
1—r 1—r i-r 
Since 
ar^" 0, 
1— т 
the number 
a 
1—r 
is an upper bound. Let d be any real number such that 
d< а > 
Lar 
then a — d(1 — r) > 0. Since 
ot 
a 


there exists a natural number n such that 


1 ar 
E R heorem 2-9.5). 
r” a—d(1—r) T 


It follows that 


гьан n) EA а). 
а 


Consequently, 
all — r^?) 


a(E—) <1-ч or d< 
1—r 


a 
Hence any number d less than a/(1 — ғ) is not an upper bound. | 


Theorem 2-11.2 is often stated as follows: “If a > 0 and 0 <r < 1, then 
a[ — r) =a + ar + ar? +... It should be noted, however, that we 
do du claim to be able to find the sum of infinitely many numbers, but only 
to find the least upper bound for àll finite sums of the form 

К a+ ar 4а? +... + а" 
for ahy given positive real numbers a and r — 1; 

EXAMPLE 2-11.1: The unendipg decimal 3.3333 . . . may be written in the 
form 3 + 3/10 + 3/102 + 3/10? {..... But this is a geometric series with 
а = 3, and r = 1/10. Hence — — 


3.3333... = 


ш 


о 
7“ 


9513 э 
1 — 1/10 
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EXAMPLE 2-11.2: The unending decimal 5.7141414 , . 


5+ 77 + .014 + .00014 + 0000014 4... 


=5+ 7/10 + 14/103 + 14/105 + 14/10? + .... 
Ignoring for the moment 5 + 7/10, we have 
14/10? and r = 1/10. Hence 


. may be written 


à geometric series with a — 


7 14/10* 
Lore с ate ee LON 
5.71414 + T + 1— IJ 
Since every Tepeating decimal expansion 
the irrational numbers must 


not establish a fixed pattern 


= 5657/990, 


Tepresents a rational number, 


be represented by unending decimals which do 
of repetition, 


EXERCISES 
2-11.1. Find the rational number represented by each of the following repeating 
decimals: 
а. 4.444... d. .00757575 od 
b. 32.121212... e 125000000... 
€. .603603603... f. 2.99999 sete 
[Note that the decimal in the Part f is not 


obtainable by the construction 


given; nevertheless, the set § » - - -} has a least upper bound] 


= {2, 2.9, 2.99. 
2-11.2. Find decimal ex 


Pansions for each of the following rational numbers 
a. 3/7 с. 16/3 €. 17/9: 
b. 154 d. 2/9 f. 3/16 


2-11.3. Prove that eve 


2-12 GEOMETRIC REP 


RESENTATION or 
THE REAL Num 


BERS 


It is customary to identify the Teal numbers with the points on a line Ё 
by the following technique: select any point on L as the origin or zero-point 


Chap. 2 
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and any other (nearby) point as the point “1”. The unit of measure is given 
by the line segment from 0 to 1. With each real number x we identify a 
point on L of distance |x| from the origin, such that the point is on the same 
side of the origin as 1 if x — 0 and on the opposite side if x — 0. 


=2 xl о | 2 x 
SSS SS = А 


From the axioms of Euclidean Geometry, it is possible to prove that each 
real number corresponds to precisely one point, and conversely, each point 
corresponds to exactly опе. геа! number. Because of this, the words “real 
number” and “‘point” are often used interchangeably and the line with this 
identification is called the real line, or real number line, or real axis. 

Given any two points a and b of the real line, where a < b. The set of all 
points between a and P is called an interval from a to b; a and b are called 
the endpoints of the interval. An interval may or may not contain the end- 
points. We define 

[a,b] = (x |a <x x b) 
(a,b) = {x |a < x < b) 
(a,b) = (x |a <x < b} 
(a,b] = {x |a < x x b) 


The set [a,b] is called a closed interval; the set (a,b) is called an open interval; 
the remaining sets are sometimes called half-open intervals. General defini- 
tions of closed set and open set will be provided later. 


Functions 
and 
Relations 


This chapter deals 


Primarily with the 
troducing this concept, 


Concept of function. Before in- 
Several preliminary ideas must be developed. 


3-1 CARTESIAN PRODUCTS 


“empty sets, The Cartesian product of 
A and B, Written 4 x B, is the set 


EXAMPLE 3-1.1% If 4 = (a, b, c, d)and B = {1 д, 3}, then A x B consists 
of the twelve elements (a,1),, (a,2), (2,3), (6,1), (6,2), (53), (c,1), (c2), (с,3), 
(4,1), (42), and (4,3). Here, GIVEA х B, but (la) £ A x p. 


3-2 RELATIONS 


Any non-empty subset R of a Cartesian product 4 X Bis called a relation 
from A to В. Tf ( 


x,y) € R, we often write XRy and state “x is related to y". 
36 
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A relation from A to A, that is, a given subset of A x A, is called a relation 
on A. 


. EXAMPLE 3-2.1: Let A = {1,2,3} and В = (1,2,3, 4}.\Define R= 
(G6) | x > y). Then А = {(2,1), (3,1), (3.2). 


EXAMPLE 3-2.2: Let A = (1, 2,3, 4} and B = {1, 2, 3, 4, 5). Define R = 
{(х,у) | the quotient (5х + 1)/(2y + 1) is an integer. Then R = ((1,1), 
(2,5), (4,1), (4,3). 


EXAMPLE 3-2.3: Let A denote the set of all real numbers. Define R = 
{(x,y) | 4x? + 9? < 36). Ris a relation on A. 


Like any other set, a relation is defined by a property. Relations which 
have only a few elements are often tabulated; in this case, the tabulation 
itself is regarded as a defining property. 

Some relations can be conveniently illustrated д R B 
by diagrams. We shall show two methods of accom- 
plishing this. 

Method I: If sets A and B have a small number 
of elements, we tabulate A and B in vertical columns 
and connect related elements by line segments. з, 


Example 3-2.2 above is illustrated by the diagram in is 
Figure 3-2.1. 4 • °4 
Method П: (Plane Analytic Geometry) If R is a re- 

lation from A to B, where A and B denote subsets °5 


of real numbers, then each element (x,y) of R is 
identified with a point in the plane, as illustrated in 
Figure 3-2.2. The graph of R is the totality of all 
points identified with elements (х,у) in R. The graph of the relation given in 
Example 3-2.3 is an 'ellipse centered at the origin, together with all points 
inside the ellipse (Figure 3-2.3). 

The domain of a relation R is the set of all first elements (or first co- 
ordinates) of the pairs (x,y) which belong to R. The range of R is the set of 


Figure 3-2.1 


Set B 4 (y-axis) 


Figure 3-2.2 Figure 3-2.3 
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all second coordinates. Formally, Domain R — 
and Range R— {y| for some x, (х,у) є R}. In Example 3-2.1, Domain 
R = (2, 3} and Range R = (1, 2}; in Example 3-2.2, Domain R — (1,2, 4}, 


and Range К = (1,3, 5}; and in Example 3-2.3, Domain R — {x| —3 < 
x < 3}, and Range R = {у|—2<у Say 


{x | for some y, (x,y) є К}, 


3-3 FUNCTIONS 


A refinement of the general concept of relation is the notion of function. 
A relation from 4 to B is called a function if (1) Domain R = 4 and (2) 
whenever (x,y) € R and (xz) € R, then y = z. An 
equivalent definition is: “A function from A to 
f B is a relation which associates each element of A 

0, o *bi with one and only one element of B” 
= The letters f, р, h, F, G, and H, instead of R, 
02 6 are usually reserved to denote functions. The 
notation f: A — В means fis a function from A to B. 
[pe EXAMPLE 3-3.1 : Consider sets 4 — 


and B = {b,, by, bs}. Let f = {(a, 
(a4,53)). The rel 
element of 4 is 


(21,25, az, а} 
j by), (aab), (as,bı), 
ation f is a function, since every 
related to exactly one element of B 


A R B8 A R 
а; . —. b, b 


8 
aoaea 
Caaan, Б, 05 on 
95 o e bs оу AR ah 
04 ПЕЕ da ол» 


Figure 3.3.2 


1 
2 
3 


Figure 3-3.3 


EXAMPLE 3-3.3: Again using sets A and В from 
relation R in Figure 3-3.3 is not a function from 4 
4; of A is related to more than one element of В; 
(a,b) € R but b, Æ by. 


Example 3.3.1, the 
to B since the element 
that is, (2.5) € R and 
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EXAMPLE 3-3.4: Let A and B denote the set of all real numbers. The 
relation К = {(x,y) | x? + y? = 1} is not a function from A to В for two 
reasons: each element of A in the open interval (—1,1) is related to two 
elements in B; and those elements x in A for which |x| > 1 have no cor- 
responding y value at all (Figure 3-3.4). 


- 
xXdj------»0 


L9 


z 
ô -4----, 


Figure 3-3.4 Figure 3-3.5 


EXAMPLE 3-3.5: Let A = {х | x is a real number and —1 < x < 1), and 
let B denote all real numbers. The relation f= {(x,y)| y = V1 — x*} 
(where the symbol Wa means the principal nth root of a, in this case the 


positive square root) is a function from A to B (Figure 3-3.5). Note that the 
entire set B need not be the range of f. (See also Example 3-3.1.) 


EXAMPLE 3-3.6: Given any polynomial ag + ax + apx? +... + a,x”, 
where ds ау, аз,...,а, are real numbers. The relation J=) |» = 
аб + ax + ax? +... + ах") is a 
function from the real line to the real 
line since every real number x is re- 
lated to precisely one real number y. 


EXAMPLE 3-3.7: Let A be the Euclidean 
plane. The elements of A can be rep- 
resented in the form (x,y) where both 
x and y are real numbers. (We often 
state “‘xy-plane” to indicate that this 
Tepresentation will be used.) Let B de- 
note the set of all real numbers, the 
z-axis in this illustration (Figure 3-3.6). 
The relation 


f= (lez -4-—:-—») 


is a function from A to B since every Figure 3-3.6 
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element (x,y) of A is related to exactly 


surface, and the diagram requires the three dimensions of Solid Analytic 
Geometry. This relation is an example of a function of two variables. 


EXAMPLE 3-3.8: Let А be the Xy-plane and let В be the uv-plane. The 
relation f= {[(x,y),(u,v)] |u— x — y and v=x cy = 1} is a function 


from plane A to plane B. The Braph of such a function would require four 
dimensions. 


one element of B. The graph of fisa 


3-4 FUNCTIONAL NOTATION 


Given any function f: A — В. The notation f(x) — y means that (x,y) € 
f. The symbol f(x) used by itself designates the element of B that x is related 
to. In Examples 3-3.7 and 3-3.8, we write f(x, y) = 2 and S(x,y) = (u,v), 
respectively. In Example 3-3.5, f (1/2) = V3/4; in Example 3-3.7, f1) = 
—1; in Example 3-3.8, f(4,3) = (1,6), etc. 

Like any other type of relation, a function 
formula; a statement can suffice. However, if a formula (or several formulae) 
constitutes the defining Property, then it is Customary to identify the function 
by the formula only, rather than by the use of set Notation. In Examples 
3-3.5, 3-3.7, and 3-3.8, we would write Јо) = /1— xà, f(xy) = 4 — xt y 
and f(x,y) = (x — y, x +y—1), respectively, 


need not be defined by a 


3-5 IMAGES 


Let f: S — T be any function, and let 4 be a subset of S. Define f(4) — 
{y | for some x in A, (x,y) €f], or equivalently, f(4) = {у | for some x in 
A, f(x) = y).* We call f(A) the image of A in T (Figure 3-5.1). 

Suppose now that D is a subset of T. Define f1( p) = {x | for some y in 
D, (x,y) € f). (Here again, (x,y) €f is often replaced by f(x) =y.)t We 
call f(D) the inverse image of Din S (Figure 3-5.2), 


O @)-Се; 


Figure 3-5,1 Figure 3.5.2 

EXAMPLE 3-5.1: Let 5 = (515.55. 5з, Sy} and T= ОА! ts}. Define f: 

S— T by f(s) = ty f(s) = h, f(s) = t, f(s,) = fa. Then the following 
жа) can also be defined by f(A) = {f(x)| xe 4). 

T f(D) can also be defined by f(D) = {x| f(x) e pj. 
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are true: 
If A = (5,, S2}, then f(A) = {t,} 
If A = (ss, Sa}, then f(A) = (t, ta} 
If D = {t,, t2}, then f(D) = (53, 52, 53} 
If D= {t} then f(D) = (s, 52, Sa} 
IfD=T,  thenf-(D)=S 
If D = (t), then f(D) = Ø, the null set. 
It is evident from these statements that f^! cannot be regarded as a function. 


EXAMPLE 3-5.2: Let S and T'each be the set of all real numbers. Consider 
the images of several intervals with respect to the function f(x) — 6x — x? 
(Figure 3-5.3). If A = [0,1], then f(A) = 
[0,5]; if A = (1,4), then f(A) = (5,9]; if y 
D = [0,5], then f(D) = [0,1] U [5,6]; 
and if D = (5,9], then f(D) = (1,5). 

Returning to Example 3-3.8 of the 
preceding section, let us find the image of 
the line x = 2. It is necessary to substitute 
2 for x in the given equations, and elimi- 
nate y from the result: u — 2 — y, v — 
2 + y — 1; and adding, и + v = 3. Thus, 
if A is the line x = 2, then f(A) is the line 
u + v = 3 (Figure 3-5.4). 

Consider again Example 3-3.7. To 
find the inverse image of the interval [2,3] 
of the z-axis, we observe that 2 < z <3 Figure 3-5.3 
and z = 4 — x? — y? together imply that 
2 <4 — x? — у? <3, or, subtracting 4 and multiplying by —1, 2 > x° + 
J? = 1. Thus, if D is the interval [2,3], then f(D) is the set consisting of the 
circles x? + y? = 2 and x? + у? = 1 and all points between these circles 
(Figure 3-5.5). 


— m оь O O - O 


Figure 3-5.4 
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Figure 3.5.5 


3-6 SOME ВАЅІС THEOREMS 


The following theorems relate to the general concept of function. Assume 
A and Bare subsets of S, and let D and Е be subsets of T; let f: S+ T be any 
function, 


THEOREM 3-6.1: f(AnB)c f(4)n (B). 


Proof: Reason: 

1. Let y €f(A4 n B) Arbitrary choice 

2. For some XEANB, (x,y) ef Definition pf image 
3. x€A and xe B Definition of N 

4. x € A and (х,у) € f imply y €f(A) Definition of image 
5. x € B and pef imply y efi (B) Definition of image 
6. ує/(А) n f(B) 


Definition of N 1 
In order to Show that i 


S(A) NO f(B), we need a specific 
example. Let S = 51,5, Sa} and T= (t, ta}; take А = (s,, з) and B= 
(55, Sa}. Define S:S>T by f(s,) = hy Ў) = t, and /(зз) = t. Then 
F(A OB) = {ta} while f(4) AFB) = (t, ta}. 

THEOREM 3-6.2: f(D) u JE) 

Proof: Part I: To Show that f(D) u IME) c f?(Du E). 

1. Let x ef-(p) Uf-(B) Arbitrary Choice 

2. x ef (D) or x e f-(E) Definition of U 

3. For some y in D, (х,у) ef OR Definition of inverse image 

for some y in E, (x, y) ef 
4. For some y in D U E, (x,y) ef 
5. x ef-(D UE) 


=D UIE). 


Definition of U 
Definition of inverse image 
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Part II, to show that f(D U E) c f(D) U f(E), is left as an exercise 


(Ех. 3-6.8). I 

THEOREM 3-6.3: A © f^ [f(A)]. 

Proof: Reason: 

1. Let x € A Arbitrary choice 

2. For some y in T, (x,y) €f Definition of function; 

Domain f — S. 

3. хєА апа (xy)ef imply ^ Definition of image 
y ef(4) . 

4. y ef (A) and (х,у) € f imply Definition of inverse image | 
x ef? [f(4)] 


In general, A zc f![f(4)]. Consider the sets 5 = (a1, аз, а, a4} and T = 
{b,, ba, ba}. Define f: S— T by f(a) = by, f(a:) = b, f(as) = by, and 
Ја) = bs; let A = (as, ay}; then f(A) = (bi), while f [f(4)] = f?((5)) = 
{ain do, аз} # А. 


3-6.1. 


3-6.2. 


3-6.3. 


3-6.4. 


3-6.5. 


In Exercises 3-6.6 through 3-6.13, let f: 5 — T be а funct 


EXERCISES 


Tabulate the elements of the following relations from A to B: 
а. А = {1,2,3,4), В = {1,2,3,4,5,6,7}, and R= {(x, y) |y =x? — 
3x + 3} 
b. A = (i, j, k, l,m, n), B = (o, p,q, r, 5, t), and 
R = {(x, y) | "xy" is a word in the English language.) 
c. A = (1,2,3), B = (1,2, 3, 4, 5), and R = {(x, у) | 5x + 2y is a prime 
number.} 


Are any of the relations in Exercise 3-6.1 functions? Explain your answer 
in each case. 


Each of the following formulae defines a relation on the real numbers. 
Which of them are functions from the x-axis to the y-axis? Explain. 

а. y*-x-0 с. |х +у=0 

b yc-x**-0 ах + |у =0 


Let S = {Ss Sa, Sa Sa}, T= (ty, to ta, 14). Define f: S— T by f = (i ty), 
(55,13), (53,15), (54,5). Use Method I to illustrate f, and find the images of 
the following sets: 

a. (5,5) by {зз} б. (5554 X) 

Find the inverse images of the following: 

d. {t} е {ty te, ty} f 

Given the function f(x) = x? — 4x + 4 on the set of real numbers. Graph 
f (Method II) and find the images of the following intervals: a. [0,1]; 
b. (0,3); c. [3,4). Find the inverse images of the following intervals: 


d. [0,1]; e. (1,2); f. [—1,0). 
Da ә [ ion; let А and В be subsets 


of S, and D and E be subsets of T. Prove the following theorems: 
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3-6.6. 


3-6.7. 
3-6.8. 


If 4 © B, then f(4) c f(B), 
If D c E, then f-(p) c f(E). 
Prove Part II of Theorem 3-6.2. 
3-69. f(A U B) = f(4) U f(B), 


3-6.10. / (Р) O fE) = fD- e Ey (Hint: Ta 
SOE) c f3(D n E), it is necessary to 
(y) Ef imply у = y] 
3-6.11. f(f£-(D)] € D, and give an example in which fU- 
Again use the fact that (х,у)є f and Gy)e f imply y- 
3-6.12. f(A) — f(B) = f(A — В), and give an example in whi 
f(A — B). (Hint: y¢ f(B) implies that it ayes ml (4) ~ f(a) = 
definition of image] ' X€B by the 
3-613. f (D) — Е) = f(D — E), (Hint: State с} А 
x Ф/-(Е), using ће definition of inverse image] 75 what is meant by 
3-6.14. Refer to Example 3-3.8; find the image of th 1 
Find the image of the lines x — 0, E , UT 4 illustrated here, (Hint: 
the image of the boundary of А is the boundary ‘ck f(A) " 2. Assume that 
y, 


Order to Verify that f(D) ^ 
use the fact that (x, 


У) € f and 


(D) s D. Hint: 
РА! 


v 


(0,0) у=0 (1,0) 


3-6.15. f(x,y) = y? — x is a function from the X)-plane to the Teal |, 


is: i =y — i i i ne, rey 
by the z-axis; i.e., z = y? _х. Find the inverse image f- Presented 
ee interval [0,1] of the z-axis. f XD), Where Dis 


3-7 THE INVERSE OF A RELATION 


i any relation R from A to B, we define Rass 
nae Ri from B to A is called the inverse of В. Now’. 
EXAMPLE 3-7.1: Let A = {1, 2,3,4} and B= (4.6, PUN А 
{(1,4), (2,4), (2,6), (4,9). Then R = (04,1), (4,2), (6,2), (64). TPE R ag 


EXAMPLE 3-7.2: Let R = {(x,y) | x? = y) be a relation Ec 
to the real line, then R7! = {(y,x) | x? = y). 


2X) 
at [ Ao ER). 


m the Tea] ling 


g 


—X 
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EXERCISE 


3-7.1. Prove that Domain R-* = Range R, and that Range R- = Domain А. 


3-8 ONE-TO-ONE CORRESPONDENCE, 
CARDINALITY OF SETS 


A child who is unable to count can nevertheless determine whether, for 
example, there are just as many blocks as marbles in his possession. He need 
only place one marble near one block, another marble near another block, 
and so on. If it is possible to establish a pairing of marbles and blocks which 
does not leave an excess of either blocks or marbles, then the pairing itself 
is called a one-to-one correspondence. It is intuitively evident that this is 
possible only when there are the same number of marbles as blocks. 

More generally, let A and B denote any two (possibly infinite) sets. A 
relation R from A to B is called a one-to-one correspondence if (1) R is a 
function from A to B, and (2) R7 is a function from B to A. Note that the 
following properties can be derived immediately from this definition: Domain 
R = А; Range К = B; if (х,у) К and (х,у) ЄК, then y = y'; and, if 
(x,y) € R and (ху) € R, then x = bs 

In Examples 3-8.1 and 3-8.2, let 4 and B be the set of all real numbers, 
represented by the x-axis and y-axis, respectively. 

EXAMPLE 3-8.1: The function f: A > B, given by y = x?, is not a one-to- 
one correspondence for two reasons: (1) there are two elements x, and x, of 
A related to every yo > 0, and (2) there is no element of A related to any 
y <0 in B (Figure 3-8.1). 

EXAMPLE 3-8.2: The function y = х% is a one-to-one correspondence, 
since for every x there is exactly one y and for every y there is exactly one x 
satisfying the equation (Figure 3-8.2). 


Figure 3-8.1 Figure 3-8.2 
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EXAMPLE 3-8.3: Let A 


Positive odd Integers and B the 
set of positive even integers. Then the function f: AB defined by 
f(n) — n4 1 isa one-to-one Correspondence, since 
ALINE SS Per ee f: B— A, given by fn) Sn 1, is also a function 
T 4i ї Аў (Figure 3-8.3). 
B: 2 4 6 


8 
Figure 3-8.3 


Properties; 


(1) A x A for any set 4 (the reflexive Property) 
(2) If A ~ B, then Bx A (the 


symmetric 
(3) If A ~ B and В ~ C, then 4 X C (th 


A Е T 2 sitive pr, 

Property 1 is evident Since the identity function, 765 operty) 
correspondence from 4 to roperty 2 ig established Б: 15 à One-to-one 
iff: A> Bisa one-to-one corre: 


then so ig pa. У Observing that 
> o “1. 

3 will be assumed for the Present. A simple Proof Ev be BH A. Property 
section entitled “Composition of Functions» (т e give: 


corem 3.9 n in the next 
The statements “4 and Bh . 
same number of elements” ind “A and p have 
the Beably With “A jg equivalent 
A non-empty set is finite if and Only if it 

bounded set {1,2,3,..., n} 

infinite sets is the set of all 
infinite sets are: the set of all р 


has the : 
of natural numbers, тр. cardinality as а 


Positive integers, ee m most basic of the 
rimes, the Set o 


f all integer }. Other 
numbers, the set of all odd numbers, the set of all ration | et of all real 
One might ask whether all infinite Sets have the S Is, etc 

they share the “same degree of infinity”, so to 


€ » Speak or Ц Y—whether 
infinite sets are “larger” than others. To answer this ana ether some 
we shall attempt to “count” the elements of such infinite er questions, 
them, if possible, in one-to-one Correspondence уу} the ae Y placing 
integers. It is obvious that we cannot list all the elements Of 9 Positive 
and count them one by one, but it may be Possible to find 
relates the two sets in such a way that the function ni 
ence. If such a one-to-one Correspondence Can be establishes respond. 
infinite set A and the set J of all Positive integers, then We shal} S Ween an 
set A is enumerable or enumerably infinite. y th 


isa One-to.. unction 


-8.4: The set B of all even integers is e uivalent 
mn A fee О 
(Figure 38.4). Thus, when comparing infinite sets a Part may hayeOMdencg 
(Figure ia t as the whole! This property is the basis ofa Story p, Jüst ag 
|o es 1943), the famous German mathematician: WADA: 
Hilber 3 : 


ауд 
s imagine a hotel with an infinite number 9f rog, 
“Let wi 


rues 
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occupied, and new guests who come in to ask for rooms. ‘Certainly, 
gentlemen,’ says the proprietor, ‘just a minute.’ He then moves the 
occupant of room NI to N2, the occupant of 


N2 to N4, the occupant of N3 to N6, and so on. [E152 30174 
Now the odd-numbered rooms become free, and л ои 
an infinity of new guests сап beaccommodated". B: 2 4 6 8 
Many texts dealing with set theory give the follow- Figure 3-8.4 


ing alternate definition of an infinite set: “A set S is 
infinite if, and only if, it can be placed in one-to-one correspondence with a 
proper subset of itself”. 


EXAMPLE 3-8.5: Let J be the set of all integers. Define f: J— 7 by 
f(n) = 2n for all n > 0 and f(n) = —2n + 1 for n <0. The function is а 
one-to-one correspondence from J to I (Figure 3-8.5). 


2 disc А56! 
EPE dp deu 
їз =e 211—213 
Figure 3-8.5 


Several theorems pertaining to infinite sets and their enumerability will 
now be proved. Some of them have been referred to already. 


THEOREM 3-8.1: The number of primes is infinite. 


Proof: (We assume that every natural number greater than one which is 
not prime can be represented as a product Р, : P: Рз ·... + P, of prime 
integers Р,.) An indirect approach is needed, since we obviously cannot 
list all the primes if there really are infinitely many of them, and further- 
more, there is no known formula which relates successive primes to 
successive integers. Assume that there is but a finite number of primes, 
and hence a last (largest) prime, P. Let N be the product of all primes; 
іе; N22:3:5:1- M-...* P; now consider N + 1 = (2:3 :5:7: 
11:...: P) +1. Division of N + 1 Бу r, where r is опе of the prime 
numbers 2, 3, 5,..., P leaves a remainder of 1. Therefore N + 1 
itself must be a prime larger than P. This contradicts the assumption 
that P is the largest prime. I 


The set of all primes can be placed in one-to-one correspondence with 7 
as follows: Define f: 7 — (x | x is a prime) by f(1) = 2, /(2) = 3, f(3) = 5, 
f (4) = 7, and in general f(n) = the smallest prime greater than f(n — 1).* 

One of the unsolved problems in mathematics relates to “twin primes". 
Two primes are called twin primes if the absolute value of their difference is 


* The natural number 1 is not regarded as a prime in many texts. 
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two; i.e., two primes, p and q, are twin 
Запі 5; 5апӣ7; 11 and 13; 17 and 19; 
either to prove or to disprov 


Primes in case |р —4| 
etc. Mathematicians 
€ that there exist infinitely ma 

THEOREM 3-8.2: There exist: 
the positive integers to the set 


= 2. Examples: 
have been unable 
ny twin primes. 


S а One-to-one Correspondence f: 7— T from 
T of all positive rational numbers, 


a/b, where a and b a 


у 2777» and the mth column 
with numerator m and denominators ПУЗ Д...: 
2/1. 3/14) 

x 


5[1—6/1 71... 
7 X yA 
12 2% 3/2 ap sp 8 тр 
{л ДЫ ҖЕ, S 
13 2/3 3. 43 5/3 6/3 7/3 
Г л 
14 tr 3/4 А 5/4 64 7/4 
Vm May A 
1/5 25 3/5 4[5 5/5 
га 


116 2/6 3/6 4/6 5/6 
la 


6/5. 7/5 
6/6 7/6 
Ш? 20 gg 47 57 en 7/7 


By following t 
have values air 
function: 


he indicated at 


h and omitti ч : 
eady encountered along the dent я ractions which 


> We define the following 


d in the ath Column-and bth 


Sted above. This Means ена aten finitely many 
associated with each rational] number a/b, l Some Positive integer n is 
THEOREM 3.8 3. The set of all ге 

enumerable, 


Нр. — 
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Proof: (Indirect) Recalling that every real number can be represented 
as a non-terminating decimal, (some are repeating, others ds m. 
repeating), let us assume that the real numbers between 0 and 1 constitute 
an enumerable set; that is, there exists a one-to-one corresponde 
f: 1 {x|x is real and 0 < x < 1}. Symbolically, si 

7а) = 0.a1,41513014 + - - 

Ff (2) = 0.a3,42:4230:4 - - - 

f (3) = 0.азуазәйззйз4... 

f (4) = 0.а,1а4244за44. - - 


Each a,, is an integer (a digit in the decimal expansion) so that 0 < a,; < 
9. (NOTE: In cases where two representations are possible, may as 
1/4 = .249999... = .250000... and 4/5 = .7999... = .8000. 
choose the repetition of 9's rather than 0’s in each case. This establishes 
uniqueness of representation.) Such a list might look like 


f(1) = 0.3582178423 . . . 
УО) = 0.7210000392 . . . 
7(3) = 0.9090909090 . . . 

(4) = 0.4734734734 . . . 
(5) = 0.2613999999 . . . 


In order to obtain the desired contradiction, we will show that there 
exists a real number c such that 0<c<1, and céf(I). Consider 
€ = 0.C,C2C3Ca++ +> constructed as follows: let c be any integer from 1 
through 9 not equal to ау; let Cs be any integer from 1 through 9 not 
equal to a55; in general, let c; be any integer from 1 through 9 not equal 
to а. By construction, С differs from f(1) in the first decimal place; с 
differs from f(2) in the second decimal place; and, in general, c differs 
from f(i) in the ith decimal place. Hence, f (1) fails to include c, and so we 
reject the assumption that the real numbers between 0 and 1 are enumer- 


able. | 
correspondence between real numbers and points on a 
line, Theorem 3-8.3 can be restated as follows: “The set of points in the 
open interval (0,1) of the real line is not enumerable". 

For convenience, the symbol Хо, read “aleph-null’”, is used to designate 
the cardinality of enumerably infinite sets. The symbol N,, read “aleph- 
one”, designates the cardinality of the subset (0,1) of real numbers, as well 


Because of the 
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i ndence 
those infinite sets which can be put into one-to-one соггеѕро 
as tho: 
with (0,1). 
THEOREM 3-8.4: There exists a one 
interval (0,1) to the entire real line L, 
Proof: Define 
3-8.6.) Note t 


"to-one correspondence from the open 
f: OI) — L by ЛО) = (x — 12y(x — x*). (See Figure 
hat if 0 — x, — Ха < 1, then f(x,) cfe). | 


L 


l 
! 
1 
| 9 iii ) 
| 
П 
| 
i x-axis 
| 11 
| (Vertical (0) з i 1 
1 Оѕутріоіеѕ 
Го! х=0 
( and x 21) 
! 
| 
! 
Figure 3.8.6 


than ], 


ne 

IO) = x; fj = 1, f(1/3) 
in general, f(1/n) = l/(n — 1) for 
one correspondence 


T" — 1. This is а one-to- 
(see Figure 3-8.7). 

THEOREM 3-8,6: Let S be the Subset of the *y-plane defined by 5 = 
(оу) |0<x —1 and0 < у < 1}. There exists a one-to-one Correspondence 
from 5 to the interval (0,1] of the Z-axis, 

Proof: Represent €ach of the numbers x, J, and z by 4 non-terminating 

decimal. To insure the Uniqueness of representation, 

9's rather than 0% Whenever tw, 

1/2 = 49 


Чѕе repetition of 


tions are ble; e.g., use 
+++ instead of -5000 . 
is defined, Supp 


25" "е Now show how 
ose x = 0.34001207 ап 
х= 0.340012 


f: S— (0,1] 
d y = 002100996 Write 
рч? = 002 igo gg. 00210996 
“020241001 00929 07.6. 


= 0.3024100100929076 БЕ 
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In general, for every (х,у) € S, mark off subsets of digits in the decimal 
expansions of x and y by going up to the next non-zero digit and then 
alternating these portions (starting with the first part of x) to obtain the 
decimal expansion for z. Thus f: 5 — (0,1] is a well-defined function. 
Conversely, if z is given, we can reconstruct x and y. Therefore f~: 
(0,1] — S is also a function. | 


(0, О) 


Attention is now given to the construction of sets with higher orders of 
cardinality than N;. The usual approach is to begin with a study of subsets. 
Given any set A, let S(A) represent the collection of all subsets of A, and let 
T(A) denote the set of all functions f: A = (0, 1)—from А to the set con- 
sisting of the two elements 0 and 1. 


THEOREM 3-8.7: S(A) is equivalent to T(A). 


Proof: For each element s € S(A), let f;: A > {0, 1} be defined as follows: 
fix) = 1 if xes, до) =9 if x és. For example, if A = {ay, as, аз, a4, 
as) and s = {аа аз}, then (а) = 1, (а) = 1, fias) = 1, Јал) = 0, 
and f,(a5) = 0. By this correspondence, each subset s of A is related to 
exactly one function in T(A). Conversely, each function f: A — (0, 1} 
has precisely one subset s = (x|x € A and f(x) = 1) related to it. 
Thus, H: S(4) > T(A), defined by H(s) = f, is a one-to-one corre- 
spondence. 


ConoLLARY 3-8.1: If A is a finite set with л elements, then the number of 


subsets of A is 2". 
Proof: Consider the number of functions f: 4 — (0, 1). For each element 
acA there are two possibilities: either f(a) = 0 or f(a) = 1. Therefore 
there are 2” possible ways of defining a function from the n elements of 4 
to (0, 1). 1 
For any infinite set 4, it is clear that there are at least as many subsets 
of A as elements in A; (consider the subsets consisting of only one element of 
A). The next theorem establishes the fact that S(A) has a significantly larger 
number of elements than 4. 
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T(A); i.e., Н(а) 


there exists a fun 
not belong to the Tange of H. 


А gla) = f. (a). 
Trespondence is therefore 

Whenever two sets Aa 
not equivalent to B, we sa 
the cardinality of А. 


nd B have the Properties (1) 4 c p and (2) A is 
y that the cardinality of p is 9f higher order than 

COROLLARY 3.8.2: For any set A, there exists a set B with a higher order 
of cardinality than А. 


of sets; howe 


are avoided since they lead t 


example. 


Ver, such ter; 
о Contradictions. 


EXERCISEs 
3-8.1. For the function fin the Proof of Theorem 3-8.6, fi 
FAD; f/11,1/9); 763072517008 


~- + » 2021300740; 
3-8.2. Using the function fof Theorem 3-8.6, reconstruct x and 
az= 0.73221090034085502. хе. 2 2 


5 


nd /(1/4,1/3): r(1/5 1); 
2155 


given 
b.z- 0.12302102302102302. ES 
3-8.3. Consider the set 4 — {ау, a,, 45). List all Subsets of 4 an 
functions correspond; п 


to each Subset accordi to th 
proof of Theor, a à ae 


T d tabulate the 
i 
em 3-8,7, 
3-8.4. S| 


le given in the 


3-8.5. Prove that t 


dbi enin a (oa) |o <x <1, 
Se 2 <1} is equivalent to the interval (o 
(Cf. Theorem 3-8.6.) 3 туа! (0,1 
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3-8.6. Find a one-to-one correspondence between the intervals 
a. (2,7) and (0,1) b. (—2,3) and (0,1) 
c. (a,b) and (0,1) 


3-8.7. Find a function (u,v) = f(x,y) which is a one-to-one correspondence from 
the square 5 = {(x,y)|0 <x <1,0 € y <1} of the xy-plane to we 
entire first quadrant О = {(u,v)|0 <u, 0 <v} of the uv-plane. (Cf. 
Theorem 3-8.4, choosing и as a function of x and р as a function of у) 


3-8.8. Finda function which is а one-to-one correspondence from all real numbers 
to the positive real numbers. Sketch a graph of your function. — - 


3-8.9. Referring to Theorem 3-8.6, show that simple alternation of the digits of 
the decimal expansion of x and y to obtain z does not define a one-to-one 
correspondence. [Hint: Consider z, = 0.12909090. .. and compare with 
zg = 0.21090909. . . .] 

3-8.10. Let A ~ C and B ~ D. Provethat A x B ~ C x D. [Hint: Construct Н: 
A x B— С x D from one-to-one correspondences f: 4—- C and ё: 
B— D. Note that Н takes the form H(x,y) = (u,v) where xE A, ye B, 
uE C,andve D] 


3-8.11. Use Exercise 3-8.10 to prove that the following sets (squares) in the Euclid- 


ean plane are equivalent: 
а. (04) x (0,1) b. (01 x 1) 
c. [0,1] x [0,1] 


3-9 COMPOSITION OF FUNCTIONS 


Let f: A — B and g: В C be any two functions. The composite gf of g 
with fis a function from A to C defined as follows: (a,c) € gf if and only if for 
some b, (a,b) € f and (b,c) єр. Using functional notation, gf(a) = c means 
that f(a) = b and g(b) = с. We write g before f in order to allow the fol- 
lowing convenient notation: gf(a) = 817 (a)] = g(b) = c. By virtue of this 
definition, the composite of two functions is sometimes referred to as a 
“function of a function". Schematically, the situation is illustrated in 


Figure 3-9.1. 


Figure 3-9.1 
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EXAMPLE 3-9.1: Let f: A + B and 8: B — C be given as Shown in Figure 
3-92. Then : 


&/ (ау) = glf(a)] = 80) = с; 


8f (as) = gif (a2) = 2063) = с; 
&f(a4) = glf(a,)] = g(b;) = в; 


8/(А) = 8lf(4)) = 2[{Ь,, bs, LE {с єз} 
апа &f as, а) = гь, 53] = (o). 
A f B g C 


bees d A SENI 
с 
02s ba — ОТ. 
Pee ја 
Е ав 
“с 
040 A 3 
ME 


Figure 3-9.2 


> B, and C each denot 
Let f: A— B and g: B> c Fa vdd. 
Then gf(x) "Od —gb*-1]— (x? + 1)ую уу 
SION = f [x29] = ую | 
considered unless 4 — C. a fg. I 


+1 and g(x) = x20, 
e may also form fg(x) = 


n general, fg will not be 
EXAMPLE 3-9.3: Let 4 


lane, B th 
numbers, and C the entire Set of rea] M eun 
х + у and &Boc by &(x) = CIV Then 
. LAS C 
BU) = вре + p зуи Then gf 
It is necessary to prove that of; 5 
next theorem. &/% а function 


be the ху- 


THEOREM 3-9,1: 
is also a function, 


Proof: Given any element a in A, th i 
i › there exist: i 
(a,b) e f, Since Domain f A. roro ‘for "eg de. 
(b,c) єр since Domain 8 — B. Bythe definition of 
This proves that Domain Ef — A. Now 
us чү А ус оп there exist elements b, and 
Д and (6,,c, € g, and (2) (a,b. € d 

From the first Statements of (1) and (2), b, = 2 ro p z anes. * 


Ии в апів:В--Саге functions, then gf:A— C 


9me element c in C, 
Composition, (a,c) € gf. 
Suppose that (а.с) € gf and 
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then follows that c, = c; from the second statements, since g is a function 
Hence gf is also a function. | : 


A g с 
f 


e e e 
сеш Coe 


Figure 3-9.3 


Let us again assume f: A— B and g: B— C are functions. Let D 
represent any subset of C. We use the customary definition of inverse image 
to obtain [gf ]-(D) in 4; (i.e., the inverse image of D with respect to the 
function gf: A — C). This set will be compared with f“[g~(D)], involving 
two separate operations. See Figure 3-9.3. 


THEOREM 3-9.2: [gf]-(D) — f?[g 1 (D)]. 


Part I: To show that [gf (D) € f?[g (D). 

Proof: Reason: 

. Let x e[gf ] (D) Arbitrary choice 

2. For some z in D, (x,z)€gf Definition of inverse image 
3. For some y in B, (x,y) Ef Definition of composition 


and(yz)eg ie j 
4. yeg?(D) Definition of inverse image; (ze D 
from line 2) 
5. x ef [g(D)] Definition of inverse image. 


Part II: To show that f?[g(D)] € [gf] (D), is left as an exercise. 
(Ex, 3-9.2.) | 


= 


THEOREM 3-9.3: Let f: A — B and g: B>C be one-to-one correspond- 
ences. Then gf: A > C is also a one-to-one correspondence. 


Proof: By hypothesis, each of the following relations are functions: (1) 
fi A+B; (2) fo: B>A; ()7$7B— C; and (4) g>: C — B. Ву 
Theorem 3-9.1, gf: 4 — C and f7g?: C- А are functions. Since 
fg = [gf]. (Theorem 3-9.2), the proof is complete. | 
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EXERCISES 


3-9.1. Let A = (a, as, az, a), B = (b bz, bs, by}, C = {с сь, су}, 


f = (ab), 
(anba), (asb3), (2559), and g = (bic), (bsc), (bsc), (Б,су)}. Note that 
f: A— B and g: B— С. Tabulate the elements of gf: A— C and find 
Range gf. 


3-9.2. Prove Part II of Theorem 3-9.2. 


3-9.3. Let A, B, and C each represent the set of real 


and g: B— C by f(x) = 3x? + 2x and g(x) 


numbers, Define f: A— B 
for gf: A— C and fg: C— A 


=x — 1. Find the formulas 


\ 
3-9.4. Let A be the negative real numbers; let B and с 


represent the positive real 
numbers. Define f: A> B and g: B— C by f(x) = 1/(2 — x) and g(x) = 
1/(1 + x). Find the formula for &f and also the range of gf. 
Let A be the xy-plane; let B and C mbers. Define f: 4—- B by 
Гоу) = + yt + 1), C by g(x) = |x — 1/2). Find 
the formula for gf; also fi of g, and of &f. 


3-9.5. be the real nu: 
and define р: B 
ind the range of TÉ 


3-10 MONOTONIC FUNCTIONS 


4 
I 
Li 
at in ДАША 
MfG) bd 
| П 


1 D 


Figure 3.10.1 


Figure 3.10.3 
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Illustrations: Figure 3-10.1 shows an increasing function. Figure 3-10.2 
illustrates a strictly decreasing function. Note in Figure 3-10.1 that x, < 
X, < x, and /(ху) < (ха), while f(x?) = 3 
J (*s). Both figures depict monotonic func- x y 


tions. 
_ —$ f(b) 


THEOREM 3-10.1: Let S and T be subsets fisci 
of the real numbers, and let f: S— T be 
monotonic on S. Suppose 4 is a subset of S 
which is contained in the interval [a,b], where A 
a, b belong to S and f(a) + f(b). Then f(A) 

c [/(a), f(D)) if f is increasing, and f(A) c 
[f (b), f (a)], if f is decreasing. 

Proof: Suppose f is increasing on S. See 

Figure 3-10.3. ForeachxeA,a Ex <b 

by hypothesis. Hence f (a) <f) < fb), Figure 3-10.3 

or equivalently, f(x) є Uta), f (5)], for all 

x € A, by the definition of an increasing function. This proves that f(A) 

c [f(a)f(b)). The second part of the proof is left as an exercise. [| 


EXERCISES 


3-10.1. Complete the proof of Theorem 3-10.1 by showing that f(A) c [f(5), 
f (a) if fis decreasing on S. 

3-102. Prove that the function f(x) = х? — 4x is strictly increasing for {x | x > 2) 
and strictly decreasing for {x |x <2}. 


3-103. Prove that the function f(x) = lxl/(1 + lal) is strictly increasing for 
{x |x 20} and strictly decreasing for {x |x € 0). Graph this function. 


In this cha; 
introduced. T 
System, which 
discussion of t 


ter t| i 
i ees Se of а Set with а distance function will be 
equ rus 15 used to establish the neighborhood 
n vi Ost fundamental Concept in the definition and 

nction and the limit of a sequence, 
4-1 METRIC sers 


Let M be an set. We С 
оь M if and о И or o а itane function* 
associated a теа umb, ч 
the following Properties. (p.44), calieg the distance from P to q, satisfying 

1. 4р4) > 0 
(р) =0 
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These properties agree with intuitive concepts of distance. 
A metric set is a pair (M,d) consisting of a set M and a metric d for M. 
The elements of M are usually called points. 


EXAMPLE 4-1.1: Let M — (x | x is a real number). For every two points 
p=x,and g = x іп the set M, define d(p,g) = |x, — xəl. Then the set M, 
together with the metric d(p,q), constitutes the metric set which shall be 
symbolized by Е, called Euclidean one-dimensional space. E? is represented 
geometrically by a straight line. The 
reader should verify that d(p,g) isa — 
metric—that it does satisfy the four 
properties required by the definition. 


EXAMPLE 4-1.2: Let M = {(x,y) |x 
and y are real numbers}. For every | |  t--------3 
two points p = (Ху) апаа = (X2,y2) 
in M, define 

арф = Уол — x9* + Оз — Ye) 
The resulting metric set shall be referred to as E*, or Euclidean two-dimen- 
sional space. Е? is represented by the plane. The reader should verify that 
(p,q) is a metric. 


EXAMPLE 4-1.3: Let M = {(х,у,2) |x, у, and z are real numbers}. For 
every two points p = (х,у) and q = (2,222) іп M define 


арф) = Уо — Xa)? + Qi — а) + € — 28). 


The set M, together with the metric d(p,q), is called Euclidean three-dimen- 
sional space, or more briefly, Euclidean 3-space, and symbolized by ЕЗ. 
Geometrically, E? is our space of three dimensions. 


EXAMPLE 4-1.4: Let M = {(x,y,2,) | x, у, 2, and w are real numbers}. 
For every two points p = (*1,)1»2™1) and д = (%2,)2)22,W2), in set M, define 


арф = Уб — ха)? + (уз — Y2)? + € — 22) + (v, — wa)’. 


her with this metric, is referred to as E*, or Euclidean 4- 
sentable geometrically. 

be generalized to define Euclidean n-space for all 
though no geometrical representation exists for 


р(х, у) 


9(хә, ур) 


The set М, toget 
space, and is not repre 

This concept may 
positive integers п, even 


п> 3. 
‚ The definition of a metric is sufficiently broad to allow for a large variety 


ns. One distance function, which is different from the 


of distance functio 1 
ented in Example 4-1.5, and others occur 


usual Euclidean distance, is pres 
in the next list of exercises. 
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EXAMPLE 4-1.5: Let M denote the set of а 


Il real numbers, with distance 
from p — x, to q — x, defined by 


х= x, 

d(p, 9) = а= 
1+ |x, — xj 
Here, d(p,q) is always less than 1. 


EXERCISES 


4-1.1. Prove that the metrics of Examples 4.1 
properties required by the definition of 
prove that 

ba = xy bs — xal la ~ x, 


fl oe ea pe 
I + |x, — xj PER =] Sia = е к! 


+ |x) — x) F Ix — xj 
Ix. — xal > 0b —ху 
1+1 = + іх — x] ^ 


1, 4-1.2, and 4-1.5 Obey the four 
à metric. Hint: For Example 4-1.5, 


4-1.2. Let A be any set; let d(p, 


4-1.3. Let A denote the set of all real numbers, Fo i РА 
4 = xy in A, define F every two points Р = x, and 
а. 4(р,д) = xi — уу 


©. d(p.q) = g1b, (2, ЕЯ 


4-1.4. Let (M,d) be an 
(p,q) for all P, € A—ie, 
Prove that (4,3. ; 

4-1.5. Let (4,4 4) and (B, 


y two реа Sets. Given any two elements 
» Where x, and x belong to 4 nd 
belong t B; RENS re i 2 Зя 
kon Ga теше to в Кае i PX aE 
Examples 4-12, 4-1.3, and 4-14 are metrics Pee that Ve 

4-2, NEIGHBORHO ob. 


Let (M,d) be апу metric set 
- Let p bea fixed point in M, 
mber, We define a neighborhood N(p,e) of bx jt 


8) = {у lee d iud ара) < 4 9) of p, with radius Б 


"zeishborhooas is limi ^ 
# and the radius е, “үзеш Metric sets; a neighborhood 
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EXAMPLE 4-2.1: In E!, N(p,e) is the open interval (p — e, p + =); 
equivalently, N(p,e) is (x|p — €< x< p + e) or (x|Ix — pl < £}. The 
two points p — e and p + г do not belong to the 


neighborhood (Figure 4-2.1). P-e р PHE 
EXAMPLE 4-2.2: In E?, №(р,ғ) is the set of points  -—-€—9—t— 
inside the circle with center p = (a,b) and radius Figure 4-2.1 


е, and is specifically described as {(х,у)| œ — a)? 
+(y — B? < е2). The circle {(х„у) | (x — a)? + (y — b)? = 2) does not 
belong to the neighborhood (Figure 4-2.2). 

EXAMPLE 4-2.3: In ЕЗ, N(p,e) is the set of points inside the sphere with 
center at р = (a,b,c) and radius e. N(p,e) = {(x,y,z) | (x — a)? + (y — Б) + 
(z— cy < є). The spherical surface Хоу) (х — a? + (y — Б)? + 
(z — c = e) does not belong to N(p,e) (Figure 4-2.3). 


2 


Figure 4-2.2 Figure 4-2.3 

E 4-2.4: Let A be any set with metric defined by d(p,q) = 0 if 
р dE: =1 if p#q. Then M(p,e) = p if e < 1 and N(pe) = A 
ife > 1. 

A. deleted neighborhood N 
d(p,q) < є). Note that N'(p, 
that is, N'(p,e) = N(p.e) — {Р}. 


(p,e) is defined as follows: N'(p,e) = {q | 0 < 
e) has precisely one point less than N(p,&); 


4-3 INTERIOR POINTS AND BOUNDARY 


POINTS OF A SET 


1 designate a metric set by the single 
e—for example, M instead of 
th M by use 


For the remainder of this text, We ү n 
letter previously associated with the set а : 3 
ic i ated wi 
(M,d)—and indicate that a well defined metric is associ 
H 7 
of the term “metric set М”, instead of "set M”. 
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Let А be any subset of a metric set M. А 
point of A if there exists a neighborhood N(p, 
point q is called an exterior Point of A if there 
such that N(q,e) C M — A. Ап exterior point 
M — A. 


Point p is called an interior 
£) such that N(p,s) c A. А 
exists a neighborhood N(q,5) 
of А is an interior point of 

If every neighborhood N(p,£) contains a point о: 
then p is called a boundary point of A. Obvious}: 


f A and a point of M — A, 
if and only if it is a boundary point of M — A 


У, P is a boundary point of A 


M satisfies one and only one of 8 conditions: (1) p ; erior 
point of A; (2) P is an exterior point of 4; (Зу pi : (1) р is an interio 


of the three above conditions can exis 
The set of all interior points of A is 


interi 
boundary points of 4 is called the boundary of Z beer ag n $ the set of all 
points of A is called the exterior of A. *t of all exterior 


EXAMPLE 4-3.1: Let M = E! and 4 — x|o- STR 
A is (0,1); Е 5 1). The interior of 


$ ar А 

A points); the exterior x of 1 pO D Gyo 

ВЫ telu SiS So ripas, ар 
Figure 4-3.1 EXAMPLE 4-3.2; 1 


Let M... 
i (ey) БН <4} The E and 4 = 
х,у) | x? + y? < 4}; the exterior o: Ais {( woe 
2 the circle (x, y) | x? + y? = 4} (Figure 4-32), ) 
-3.3: = ра d A = {(x,y) | xe _ ^ 
XAMPLE 4-3.3: Let M — E anc у Я ) 
of h is A itself, consisting of two disconnected Portions; the » h 


Exterior 
(0,2) ofA 


Y 
LD) 


2 


Figure 4-3.2 
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{(x,y) | x? — у* < 1); the boundary of A is the hyperbola {(x,y) | x? — у? = 
(Figure 4-3.3). yperbola (63) [33:95 1) 


4-4 OPEN SETS AND CLOSED SETS 


Let A be a subset of a metric set М. A is called a closed set if and only if 
it contains all its boundary points. A is called an open set if and only if it 
does not contain any of its boundary points. Clearly A is an open set if 
every point in A is an interior point of A. Referring to the examples above, 
the set given in Example 4-3.1 is neither open nor closed; in Example 4-3.2, 
the set A is closed; while in Example 4-3.3, A is open. 


THEOREM 4-4.1: The complement of an open set is closed, and the 
complement of a closed set is open. 


Proof: Let A be an open set; since the boundary points of A are precisely 
the boundary points of M — A, and furthermore, since A contains none 
of these boundary points, M — A must contain all of them; hence 
M — A is closed. Now suppose A is closed; then all the boundary 


points belong to А and none belongs to M — A; therefore M — A is 


open. 
4-5 LIMIT POINTS OF A SET 
etric set M, and let p be any point of M. We say 


f every deleted neighborhood N'(p,c) contains а 
p is a limit point of A if every neighborhood 


Let A be a subset of a m! 
that p is a limit point of Ai 
point of A. In other words, 
N(p,&) contains a point of A other than p itself. 

Consider again the examples of Section 4-3. The set of all limit points 
le 4-3.1 is [0,1] = (x |0 < x < 1); the set of all 


for the set given іп Ехатр , 
limit points of A in Exam Je 4-3.2 is A itself; the set of all limit points of A 


in Example 4-3.3 is (os —y zl) 
THkonEM 4-5.1: If p is a limit point of set A ina metric set M, then every 
neighborhood N(p,e) contains infinitely many points of А. 


Proof: Suppose №'(р›ғ) contains only finitely many points а}, 85, . .., An 
of set A. Let e’ equal the least of the n real numbers Фрау), d(p,as), . . . , 
d(p.a,). Note that ғ' > 0. Now М'(ре') does not contain any points of 
А, so p cannot be a limit point of A. Ї 
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THEOREM 4-5.2: A closed set contains all its limit points, 


Proof: Let A be a closed set, and let p be a limit Point of 4. Since every 
neighborhood М(р,є) contains infini i 
not an interior point of M — 4. 


; -1, p must belong to the 
interior or to the boundary of А. i 
of a closed set. | 


THEOREM 4-5.3: A set which contains all its }j 


mit points is Closed. 
Proof: Let A be a subset of a metric set M, үү 
points. Let p bea boundary point of 


hich contaj its limi 
of A. We m ains all its limit 


ust 
Case I: If p is a limit point of A, then PEA by цар € A. 
Case II: 1f p is not a limit point of 4, then there exists . d 
neighborhood N’(p,e) such that М Some delete 


i inti i Hence the only 
possible point in N(p,e) which could belong to 4 isp, Si ] 

point of A, every neighborhood N(p,e) must Foliis SDN a boundary 
as a point of M — A). Therefore p € 4. 1 Point of 4 (as well 


(p,e) 


Theorems 4-5.2 and 4-5.3 are converses of each oti 


i h 

establish the following very useful alternate definition ied together they 

is closed if and only if it contains all its limit points.» OSed set: “A set 
THEOREM 4-5.4: The union of any collection of open sets ; н 

M constitutes an open set іп M. in a metric set 


Proof: Let В = YA, denote the union of (finite) 


У or infinite] 
ive i ma 
open sets A,. Given any point p € B; by the definition SE y many) 
to at least one set A, . Since A,, is open (by hypothesis) p belongs 
neighborhood N(p,&) such that N(p,s) © Ay Therefore We шт exists a 


; е Y К 3 Ua — 
i t ; t а 
B. This proves that p is an interior point of B; hence Bis bus | 
THEOREM 4-5.5: The intersection of any collect 


| ion of elo - 
tric set M constitutes a closed set in M. Sed sets in a 
me 


а limit poi 
E P must а 
int of each A, (Ex. 4-5.4). Since each A, is closed 
poin а 


A D f 
Therefore p € 14, = B. This proves that B contains ац its Tmi Ун A 
er n 


nt of 
Iso b, 


clude this section by defining several concepts whic, wi 
We con 


ll be 
; needed later. 
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А set S in a metric set M is bounded if and only if there exists a neighbor- 
hoog Pun qne point p in M such that 5 < N(p,r). Note that p does not 

Two sets A and В are separated if and only if AN B = Ø and neither 
contains a limit point of the other. 

А set S is connected if and only if it cannot be represented as the union of 
two non-empty separated sets. 

The only non-empty connected sets in E? (other than Е! itself) are of the 
following types: (a) a single point; (b) intervals (a,b), (а,Ь), (а,Ь), [a,b]; (c) 
rays {x |x < а}, (x |x < а}, i| x B {х|х = b í 


EXERCISES 


4-5.1. Let M — E* and 4 — (ооу) |x? + 4y® <4}. Find the interior of A 
the exterior of A, the boundary of A, and the set of all limit points of 7 
Is A open? Is A closed? Draw a graph. à 


4-52. Let M = E! andi 42212, 3/9.) the set of all positive integers. 
Prove that 4 has no limit points. Find the interior of 4 and the boundary 


of A. Is A open? Is A closed? 


4-5.3. Consider the set in E? of points {(x,y) | ©су) = (/m 1 — 1/n), where n 
is a positive integer}. Find the limit points, interior points, and boundary 
points. Determine whether this set is open or closed. 

4-5.4. Let A and B be subsets of a metric set M, where В © A. Show that if pisa 


limit point of B then p is also a limit point of A. 


4-5.5. Determine whether the following sets in E! are separated; explain in each 
case: 
a. The intervals (0,1) and (1,2) 
b. The intervals (0,1] and (1,2) 
c. The intervals [0,1] and [1,2] 
d. The set of rationals, and the set of irrationals. 


4-5.6. Verify that the set (ox x 0:080 equals the reciprocal of a positive integer} 


is closed and bounded in E. 


4-5.7. Prove that any finite set in a metric set M is closed in M. 


4-5.8. Verify that the set D of all rational numbers in Е? is neither open nor 


closed. Show also that D is not connected. 


4-5.9, Verify that the empty set Ø is both open and closed. 


4-5.10. Let M be any set with distance defined as d(p.q) = 0 if р = Ф dp.) = 1 
ifp +g. Let A be any subset of M. Is 4 open? Is A closed? Is A bounded? 
Under what condition(s) is A connected? Explain your answers. 
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4-5.11. Prove that the intersection of finitely many open sets in a Metric set M is an 
open set in M. [Hint: Take рє n А; 
i=l 
the finite number o 
N(p,en) € A,] 


П 4: where each 4; is open, and consider 
f neighborhoods N(p,g) c Ay, N(p&)c A Prae 


4-5.12. Give an example in whic 


4-5.13. 


іл i-1 ~ 4) from Example 1-7,3,] 
4-5.14. Give an exam 


4-6 SEQUENCES 


Let J designate the set of Positive int, 
defined by a function f: I — M, Each ele 
sequence. Although the terms of a sei 
which the terms occur is imp 
results in a different sequence. 


egers. A 
ment fi (n) 
‘quence do Con 
ortant; a rearrange 


Sequence in 4 Set M is 
18 called a term of the 
Stitute а Set, the order in 
Ment of Don-equa] terms 


EXAMPLE 4-6.1: Let f: 1— E! be defined b 


s Y fn) = 
sequence (1), /(2), fO), f(4), . . is: 1, 1/2, уз, Hee | Un. The resulting 


EXAMPLE 4-6.2: Let f:I— Е! be given by fin) (| _ |n). 
sequence f(D) f), f), f(4), ...is:0, 1/2, 2/3, 3/4. In). The Tesulting 


EXAMPLE 4-6.3: Let f: I— E! be defined by f(n) = @& 
The resulting sequence is: 0, —1/2, 2/3, —3/4, 4)5, s 


illustrated below: "hay 6n e 


+—+—— + ] 
ерд d а $i$4 s 


j : I— E? be defined by f(n) = (n 

LE 4-6.4: Let f: 1 

йир dmi? is: (1,0), En (1/3,2/3), (1/4,3]4), .. ^ Pe 1D te 
RUE. is shown in Figure 4-6.1. 


: I — E? be defined by f(n) = (n,n). The ron: 
«6,5: Let f: Т * be Sultin 
EXAMPLE 4-6. 


sequence is: (2,1), (4,2), (6,3), (8,4),.... 
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tc.) 
«Cni (4,8) 
М ка) = (5,8 
e ~\414 
*—— #(3)=(5, $) 


ea — f(2)=(5, 3) 


f(1) = (1,0) 


Figure 4-6.1 
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ic set. A neighborhood №(Ь,г) in M is said to confine 
a Joerg $12 M At there exists a integer J such that f(n) є N(b,e) for 
every п > J. In other words, N(b,€) confines the sequence f(1), fi (2), WAG) у 
if all but a finite number of its terms lie inside N(b,e). If every neighborhood 
М(Ь,є) of b confines the sequence i then we say the sequence has the limit b, 
and write lim f(n) = b. Note that lim f(n) z b if there exists even one 


п. о 
neighborhood N(b,e) of b which does not confine the sequence. 


ExAMPLES: Consider the preceding examples. In d d S 
neighborhood N(0,e) confines the sequence, адаш Јо) = s n Example 
4-6.2, every neighborhood AN(1,5) confines the sequence, and lim fy zu 


no limit because there are infinitely many 
In Example 4-6.3, the sequence has qus cA VELA 


> 3 lose t: 

terms close to +1 and infinitely many terms clo 

hood N(b,e), vids e = 1/2, could confine this sequence, e nen E 
choice of point b. In Example 4-6.4, every neighborhood ШО Ө кг, 
the sequence, and lim f(n) = (0,1). Finally, in Example .5, infinitely 
many terms lie outside. every neighborhood N(b,e) no matter how large є 
-may be, so no limit exists. 


4 
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THEOREM 411: А Sequence f: y, M can 


=c епс p 


is, if lim /(п) =b and lim Jf (n) 
no n 


—© 


imit. That 
have at most one limit. T! 


Proof: Assume 5 #c; let € a 
аа, then not both N(b,s) i 

^t) can confine the pope 
since NG ку cv Nee) = д. Т 
the assumption p с wrong. 


се 
. An alternate Notation fora segura 
а Metric set M jg аза» ds, . . . or { с 
*signate the terms of the EE 
| as well the sequence itself. 
either case, we assume there exists a function у. >M ER that f(n) = a» 
ing this notati 1 = Ө : sane [2 
Using this n a саша means that th element 5 is the limit of th 
Sequence (а) A Sequence Which has, . 
if no limit exists, 


2 
а convergent SEQUEL CES 


`5 а Sequence Whose terms are chosen 
E dim п К aa (a, and arranged in the Same order as E 
Telative order in Anj. А subs Uence of i ; wit! 
terms annan e a lan) is oft *signated (a, ) 
EXAMPLE 4-7.1: The Sequence 1/4, 1/9 1/16 " nce 
OF 1/2, 1/3, л, seque LEER Forai 


EXAMPLE 4-72: The Sequence (1/2,1/2 Jj b 
+++ 15 а subsequence of (Qn, 1 — ү. j (54/5, (1/8,7/8), (1/11,10/11): 


THEOREM 4-7.2; Giv 


iven а function у: A-. » Where 
of a metric set M; let а, ds as, | i 


be a s A and p are subsets 
Ps е uen, J 
f(a)... isa Sequence in p. TUAE 


> then f(a,), f(a), 


Proof: Since 91, Qs, a5, . | isa Sequence 
such that g(n) — an. Then (a), 


е fi f (a;), Ji 
the composite funċtion Je: I> Bwitht 


» there exists а function EM 
(аз), Leld 


5 € se defined by 
erms f] BOs LOKON Md 


EXERCIsEs 


4-7.1. Find at least one simple Tule f(n) for Obtain; 


Sling all terme : f the follow- 
ing sequences; write the next four terms in елү ETMS in each о 

H 

a. 1/2, 1/4, 1/8, 1/16,... 


ach Sequence: 
b. 1, —2/3, 3/7, —4/15,... 


ез А MONOTONIC SEQUENCES IN Е: 69 


—1/2, —2/5, —3[8, —4/11, . . . 

3,0: 10:25 

1/2, 1/3, 1/4, 1/9, 1/8, 1/27, . . . 

3121153, 22003301522. BUS 

. 1/4, 3/7, 1/2, 7/13, 9/16, . . . 

. 0, 2, 24, 324,... 

(1,1), (—1,1/2), (1,2/3), (—1,3/4), . . . 

(3/2,1/2), (7/4,3/4), (15/8,7/8), (31/16,15/16), . . . 


4-7.2. Find the limit of each sequence in Exercise 4-7.1, if the limit exists. Justifi 
each limit on the basis of the definition of a limit. Designate each jubeo 


as convergent or divergent. 


чъг гордо 


4-7.3. Given any convergent sequence f: I— М; prove that A = (f(n) | A SIR 
positive integer) is a bounded ser. 


4-7.4. Prove that any subsequence of a convergent sequence converges, and its 
limit is the same as the limit of the original sequence. 


4-7.5. Give examples to show that a divergent sequence may have convergent 
subsequences. 


4-8 MONOTONIC SEQUENCES IN E! 


A sequence f: 1— Е! is called monotonic if f is a monotonic function. 
That is, the sequence f: I — Еі is increasing if for every pair of positive inte- 
gers п, and Mg, т < Me implies f(m) < f(n). Similarly, if n, < n; implies 


f (nj) =f (nj), then the sequence is decreasing. 
А sequence f: 1— Е! is said to be bounded above if there exists a real 


number b, such that {Ms b, for all n. Similarly, if there exists a real 
number Б, such that b; < f(n) for all n, then we say that the sequence is 
bounded below. 


THEOREM 4-8. 
above, then f is convergent. 


1: If f: I— E! is an increasing sequence which is bounded 


Proof: By the completeness property of the real numbers there exists a 
real number c such that c = Lu.b. (f(n) |n є Т}. We shall show that 
lim f(n) = c. Given any positive number =, there exists an integer J such 


no 


that f(J) > c — є, since c — € is less than the least upper bound. Now 
c — e < f(n) <cforalln 27, since fis increasing and c is an upper bound. 
Thus, f(n) € N(c,s) for all n >J. In other words, the sequence {f (n)) is 
confined by every neighborhood of c; hence lim f(n) = c. 1 


n-o 


70 METRIC SETS AND LIMITS Chap. 4 


EXERCISES 


4-8.1. Prove that if f: [— E! is a decreasing sequence which is bounded below, 
then f is convergent. 


4-8.2. State which of the sequences in Exercise 4-7.1, parts a through h, are mono- 
tonic. Which are bounded aboye? Which are bounded below? 


4-9 CAUCHY SEQUENCES 


A sequence a,, 22-05... in a metric set M is called 
for every real number e > 0 there exists a positive 
d(a5,a,) < е whenever Jj 7 J and k >J; that is, beyo 
distance between any two terms of the sequence is less 


a Cauchy sequence if 
integer J such that 
nd the Jth term, the 

than e. 

THEOREM 4-9.1; Every convergent sequence is a 


Cauchy sequence. 
Proof: Let a,, as, 45... be any convergent se 


quence in M; then lim a, = 
р, for some p in M. Given 


j , there exists an integer J such that 
аьр) < e[2if k > J. Therefore if j, k > J, we have аа) < da,,p) + 
(р,а,) < e/2 + e[2 = е, This is the Cauchy Condition by the above 
definition. | 


THEOREM 4-9.2; Every Cauch 


Y sequence is bounded; ie., the terms of a 
Cauchy sequence constitute a bo 


unded set. 
Proof: Let е = 1; there exists а 
k > J. In particular, d(a J+) 
all but a finite number of terms 
r = 1 which is larger than the d 
many terms outside N(a 7,3, 
the entire sequence; hence t 


n integer J such that аа) < 1 if 05 
X I for k >J. Thus N(a;..,,1) contains 
of the sequence, Choose a real number 


istances from a, 41 to all of the\finitely 
1). Now it is obvious that 


Na st) contains 
he sequence is bounded, | ae 


We will show that the converse of Theorem 4-9.1 jg valid if M Е", 
First consider Ё!, 


THEOREM 4-9.3: Every Cauchy sequence {a,} in Ез Converges, 


Proof: Let c: and c; represent a lower and anu 
for the terms of the sequence {a,}. (See Th 
subset B of E! as follows: B = (x | x <a, fo 
integers п). Obviously B is bounded abov. 
sequence). Moreover, B 52 Ø since Ci 


Pper bound, res 
eM SOOO Neh na the 
т infinitely many positive 
€ by с, (an upper bound for the 
€ B. By the completeness property 


pectively, 
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of the real numbers, there exists a number p such that p — 
will be proved that pis the (sequential) limit of {an} И Du) Kos 
Consider any neighborhood N(p,e). Since p — e/2 < P, there exists 
an element b іп B such that p — ғ/2 < b <p. This implies that infinitely 
many terms of the sequence are greater than p — ғ/2. Since P+) > 
P, p + £|2 € B; hence at most a finite number of terms of the sequence are 
greater than or equal to p + e/2. Thus N(p,e/2) contains infinitely many 
terms of the sequence. By the Cauchy criterion, there exists an integer 
J such that d(a,,4,) < &[2 if j, k > J. Choose a term а, such that a, є 
N(p,e/2) and jy > J. Then for all k > J, 2 


аьр) < 4(а„а„) + 4(аыр) < є[2 + e[2 = е, 
This proves that N(p,c) confines the sequence; hence lim a, =p. | 
n= 


THEOREM 4-9.4: Every Cauchy sequence in E" converges. 


Proof: (The proof will be presented for E*, but a similar proof may be 
given for Euclidean spaces of higher dimensions.) Let (a,,5,), (azb), 
(аз,Ьз), . . . be a Cauchy sequence іп E*. It will first be shown that a;, as, 
аз, .. . is a Cauchy sequence in E!. Given any positive real number e, by 
the Cauchy criterion, there exists an integer J such that d((a;,b;), (а.0,)) < = 
if j,k > J. By the definition of distance in E?, Уа, — ay? + (b; — b < 
€ if j,k >J. Relating this to the metric d(a5,a;) in E. 

ааа) = |a, — ај = v (aj — a)? € N(a; — а) + (b — b? < е, 
whenever j, k > J. This proves that {а,) is a Cauchy sequence; hence 
lim a, — p for some real number p. (See Theorem 4-9.3.) Similarly, 


т—*со 


{bn} is a Cauchy sequence їп £t, and lim 5b, = q for some real number q. 


We will now prove that the sequence (аЬ), (azb), (as,ba), . - . converges 
to (p,q). Consider any neighborhood M((p,q),£) of (p,q) in p Since 
lim а, = p, there exists an integer К, such that |a, — p| < e/2 if n > Kj. 
no 

Since lim Б, = q, there exists an integer Кз such that |b, — q| < e/2 if 


п 


n> kK, ies K be the larger of the numbers К, and К,. Then, if n > К, 


d((a,, b), (p) = (as — PP Ф, — 9 < NI + ERF < e. 


This proves that N((p.q),&) confines the sequence ((a,,5,)); hence 
lim (aba) = (Р.Ф). 1 


n>a 


From the theorems just proved, we see that there is a way of testing an 


arbitrary sequence in E" for convergence without knowing in advance what 


4 
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its limit is. Intuitively, the terms of a Sequence get arbitrarily near to 
some fixed value, for sufficiently large Subscripts, if and only if they get 
arbitrarily close to each other, for sufficiently large subscripts (the Cauchy 
condition). 


We are now ready to Prove a basic theorem, called the “Bolzano-Weier- 
Strass Theorem". The Proof will again be presented for E?, with the under- 
standing that a simila 


т proof may be given for Euclidean spaces of other 
dimensions. 


THEOREM 4-9,5; (Bolzano- 
set A in E" has at least one (s 


Proof: Since A is bounded, it is Possible to find a s 
which contains А. Subdivide S into four squares 


Weierstrass Theorem) Every bounded infinite 
et) limit point, 
quare closed region S 
by joining midpoints 
of its opposite sides. At least one 
S of these smaller Squares, together 
with its boundary, must contain 
infinitely Many points of 4, since 
A is infinite, Call this square 
Sı. Now Subdivide S, into four 
5quares in the Same manner to 
..Obtain S. containing infinitely 
Many points of 4. By continuing 
this process We obtain a set of 


Closed squares S S, S,..., 

+ Such that: (1) each S, con- 

tains infinitely many points of 4; 
S, 


lim (length of side of Sa) = 0. Form а Cauch 
ofA as follows: choose a 
of A in S, such that (а,Ь) 52 (a, 


1). In general, fo AR 
n, let (2,,5,) be a point of A chosen from the poi T every positive integer 
(ambn) # (а,,Ь,) for all k<n 


(аз,Бз), . . . satisfies the Cauchy c 


S,,) = 0. Hence there exists a point (p. 


; Point (pj) must be a set limit p 
since every neighborhood N((P.4),e) contain m 
points (ambn) of A. | 


Sec. 4-9 CAUCHY SEQUENCES 73 


EXAMPLE 4-9.1: The sequence f: / — E! defined by f(n) = (—1)"(1 — 1/n) 
has no (sequential) limit. However, the set A of all points in E! of the form 
(—1)"(1 — 1/n), where n is a positive integer, has two (set) limit points, —1 
and +1. 


EXAMPLE 4-9.2: The sequence f: I— E! defined by f(n) = 1, called а 
"constant sequence" and having terms 1, 1, 1, 1,..., has the (sequential) 
limit point 1. However, the set A consisting of the point 1 alone, has no 
(set) limit point. 


THEOREM 4-9.6: If p is a limit point of a set A in a metric set M, then 
there exists a sequence d;, 4z, 45, . . . of distinct points in A such that p is the 
(sequential) limit of the sequence; that is, lim a, — p. 

no 


Proof: Since p is a limit point of A, there exists a point a, in A such that 
a, € N'(p,l). (Note that a, # p.) Let rı = d(p,a)/2, (0 <r < 1/2). 
For the same reason, there exists a point a, in A such that a, € N’(p,r,); 
note that a, # p and аз # a. Let rs = d(p,a;)/2; then 0 < ry < 74/2 < 
(1/2). There exists a point аз in A such that аз € N'(p,rs); note that a, is 
different from p, a, and as. Let rs = d(p,as)|2; then 0 < r, < (1/2), 
Continue this process indefinitely to obtain a sequence а;, ds, а, Ay, . 
where d(p,a,)/2 =r, < (1/2)^ ог d(p.a,) = 2r, < (1/2). Here, the 
distance d(p,a,) approaches zero as n gets large. Hence lima, = р. We 


no 
have thus constructed a sequence in set A having p as its (sequential) 
limit. | 
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Chap. 4 
EXERCISES 
49.1. Which of the sequences given in Exercise 47.1, are Cauchy sequences? 
Explain. 
i x - 1/2, ag =1 + 
4-92. Let (a,) be the Sequence in E! defined by a = 1,а =1 + 
12 i and in general, а —1-1/24...4. ln. Note щш 
lim |an41 — an| = 0. Prove that this sequence does not satisfy the Cauchy 
no 
criterion, 
4-93. Verify that every Cauchy sequence in ЕЗ converges by following the pattern 
of proof given in Theorem 4-9,4, 
4-9.4. Prove that the Bolzano-Weierstrass Theorem is valid for E! and for ЕЗ, 
Follow the Pattern of proof given in Theorem 4-9.5, 
4-10 NON-TERMINATING DECIMALS DEFINED 
AS CAUCHY SEQUENCES 


Suppose we are given an une; 
an integer and each 4, is an ini 


nding decimal m STAY, M 
be the sequence of rational nu 


teger such that 0 <a, <9, 
mbers defined by 

с = т + a/10 

€ = m + ajio + a10? 
з = m + a,/10 + as[10? 


+ Where m > 0 is 
Let c, С, Сау.» 


+ а,/[10з 


f= m+ айо аз. + a,/10" 


Then we can prove the following theorem: 


"THEOREM 4-10.1: The Sequence c, 


Proof: Given any ғ > 0 ; th 
If j, k > J, then le, 


Cn Ce, , 


іа Cauchy Sequence, 
ere exists an ір 


teger J such that 1/107 < e. 
= ey « 1/10! < е, Which i m 


isthe Cauchy Criterion, | 
Suppose We are given an une 


determine the Corresponding poi 
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Cauchy sequence су, с, сз, . . . of rational numbers. Every Cauch 
‹ 5 Б 5! 
in E! converges (Theorem 4-9.3) and we have p = lim I con 


no 


4-11 THE LIMIT OF A FUNCTION 


Given any two metric sets 4 and B, let a be a fixed point of A and Б 
represent a fixed point of B. Let f denote a function either from A to B or 
from A — (a) to В. (It is not required that the point a belong to the domain 
of f.) Assume that N’(a, б) == Ø for every positive number 6.* We write 

lim f(x) = b 

za 
if and only if, corresponding to each neighborhood N(b,e) in B there exists а 
neighborhood N(a,6) in A such that 


ЛІМ (а, = N(b,e). 


In order to establish that a limit exists, we must provide а rule determining 
ô > 0, the radius of N(a,ó), for every € > 0, the radius of N(b,£). 


N(a, 6) 


Figure 4-11.1 


The equation lim f(x) = b is read “the limit of f(x) as x approaches a is 


ca » H H 
equal to Б”. It should be noted that the symbol x is a variable—that is, x is 
used to represent any element of A—whereas a and b are constants; each is a 


symbol used to designate precisely one element. 
In less rigorous wording, lim f(x) = b means that “f(x) approaches b as x 


oa 
approaches a”. In the definition of limit, it is not necessary that f(a) = b, or 
even that f(a) be defined at all; we are only interested in the values of x 
different from a. This is why the deleted neighborhood N’(a,6), rather than 
N(a,6) is used in the definition. 
* We avoid the fruitless definition of limit at an isolated point a of the set A. If a is 
an isolated point of the domain of f, then for a small enough б, №'(4,0) = gj ; hence 
fIN'(a,)] = МО, є) for every element b in the set B. 
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The “key formula" f [N'(a,6)] = N(b,c) can be written in the following 

equivalent ways: 

1. N'(a,) c f1[N(b,c)]; 

2. If x e N'(aj9), then f(x) e N(b,e). 


Of special interest is the case in which A and B are subsets of E!. Statement 
2 takes the form: 


2. If x e(a — 8, a+6)— 


{a}, then f(x) E(b— e, b+ e); or, using 
absolute value notation, we hav 


e: 


2". If 0 < |x — al < 6, then |f(x) — b| < e. <a 
Consequently, if 4 and B are subsets of E1, the following alternate definition 
of limit may be used: 


lim f(x) = b means that, corresponding to every positive number £, 
z-*a 
there exists a positive number ó (depending on е), such that if 
0<|x-al< ô, then | f(x) — b| — e. 
The proof of the equivalence of the above Statements is left as an exercise 
(Ex. 4-11.5). 


EXAMPLE 4-11.1: Consider the function f(x) = (2x? + x — З)/(х — 1). 
In this case the domain of f is E! — (1); that is, f: E! — (1) pt, Here, 
lim f(x) — 5, since fIN'(1,9)] = М5,ғ) whenever à S &[2, no matter how 
1 
large or, more importantly, how small є May be. Even though we define 
Ја) = 0, or f(1) = 2, etc., the value of the limit remains 5, 


y 7 f(x) 


Figure 4-11.2 
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We shall verify that д = 2/2 is the maximum possible value for д. First 
note that if x Æ 1, then 


ax? + x3. Qx4-3(x—1) 1 
x—1 x—i Ф 


ғо) = 2x + 3.* 


Now search for a гше relating 6 to = such that 
0«|x— 1| < ё=|/(х) — 5| = IQx +3) — 5] < e. 
This is easy to do for the given function, since 


0c|x—1| < ô= 2|x— 1| «20 = 
[2x = 2| < 28 => |Qx + 3) — 5| < 20; 


if ô is now set equal to ¢/2, the limit is verified. (See Figure 4-11.2.) 


Sometimes, in solving for б in terms of ғ, it is convenient to consider the 
x and y axes separated, rather than at right angles to each other in the con- 
ventional arrangement. Figure 4-11.3 is an illustration of Example 4-11.1 
with the axes separated. In this figure, a value for ó less than the maximum 
possible value is used. This manner of representation suggests an alternate 
method of relating ô to €. Consider the image f [N'(1,6)]. Since f is strictly 
increasing and N(1,6) is bounded above by 1 + 6 and bounded below by 
1 — 6, we observe that f(1 — à) < fe) «fa c 6) for all x € N'(,9), or 
equivalently, 


fiN'0,9 © (FA — 4), A + д), 
an open interval. Now 


fai — ô) = 201 — ô) + 3 = 5 — 20, 
and 
fa + 6) =2(1 + 6) +3 =5 + 20; 
hence 
f1N'0,9] € (5 — 26, 5 + 28) = №520). 


Thus it is clear that 28 must be less than ог equal to £; ô = e/2 is the maximum 
value allowable for ô, and will of course suffice as a solution to this particular 
Problem. 
= 

* The graph of y = Ол + x — З)/(х — 1) has one point less than the graph of 
У = 2x + 3; the missing point is (1,5). i 
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x У; 


2277 51га, ө wea 


Figure 4-11.3 


EXAMPLE 4-11.2: Let f: Et 


— E! be defined by f(x) = х2, 
lim f(x) = 4, we must demons 
Lc] 


To verify that 
trate that for each neighborhoo 


d N(4,e) there 


» are also shown. 
Note x, «2 < x, but |2 — xl > |х — 2]. Intuitively we see that the 
length of the shorter of these two intervals is a maximum for all 8 such that 
fIN'Q,9)] = N(4,e). 
Figure 4-11.5 shows the function f(x) = x? with axes separated. Since fis 
strictly increasing for (x |х > 0), f[N'2,5)] = QQ — б), f2 + 9), if 
0<ô<2. 


y=f(x)=x? 


МА, e) EES 


Figure 4-11.4 
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x y 
“te 455? 45 
erii 0 446? 
mye fiN'2, 8) 414 N(4,e) 
2:817. 
Деге 446?-46 
ме, 5)4: 2 Е Емал. З 
2-8 177 


Figure 4-11.5 


Now 

fü—-8-Q--4—-49 
and 

у@ + = @+дд*=4 +4 + 0. 
Therefore 


год c (4 — 40 + 0, 4 + 48 +0) = NG + 9 40. 


It is clear that №4 + 6% 48) € N(4,5) if 4+ ô? + 4 = 4 + e—if the 
upper endpoints of these intervals coincide. Solving the quadratic equation 
ô? + 48 — e = 0 for д, we obtain 


8-44 5-2. 


(The other root of the quadratic equation is a negative number, and is 
extraneous.) For this function, we do not investigate the coincidence of the 
lower endpoints of the intervals, since ô would then be so large that f [N'(2,0)] 
would extend beyond N(4,&) at its upper endpoint. M Р 
From the preceding two examples it is clear that the хан cation of а 
limit involving a function f from a set of real numbers to Е! is greatly sim- 
plified if f is strictly monotonic in an interval about the point a where the 
limit is considered. The procedure involves finding the image of the end 
points of N(a,ó) and noting that fIN'(a,9)] € (f(a — ô), f(a + ò) for strictly 
increasing functions and f[N'(69)] € (f(a 4- 9, f(a — 6)) for strictly 


decreasing functions. Я 1 і 
Functions defined оп а metric set other than Е! usually require a more 


careful analysis. 
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EXAMPLE 4-11.3: Let ГЕ E! be defined by Јоу) = xt + y To 

verify that lim S(x,y) = 5, first consider f? [N(5,e)], which is the ring- 
(0—21) 

shaped area contained between the circles x 
5 + e. (Figure 4-11.6.) The point p — 
6 such that f| IN'(p,8)] = N(5,2), we must determine the radius of a circle 
that can be drawn entirely inside the shaded ring, with center at (2,1). The 
distance from the origin to (2,1) is 4/5. запа since the point (2,1) is nearer the 
outer boundary of ДСЧМ(5,в)], aximum value for à is NI 5+ е Js. 


y = 5 — eand xt 4 уг = 
(2,1) is within this ring. To find 


the m 


2(E') 


Ste 
"Sel 5 


S-e 


(2,1) 


F INGS, є)] 


Figure 4-1 1.6 


So far we have only studied examples for which the limit exi i 
instructive to consider functions Which h Sead шы 


ауе no limit at Certain points, 
EXAMPLE 4-11.4; Consider 


: — E! defined by f(x) = 
[х/х for x 4 0, f(0) = o. metimes called nd f= 
function and written f(x) = €mpt to find lim F(x). Let 
N(0,ô) be any neighborhood of the 


Origin on the x-axj ‚ Then f[N' 
{—1, +1}, and so f[N '(0,8)] could ined їй апу way 
N(b,e) when e < 1, re 


З is considered, ; 
does not exist. (Figures 4-11.7 and 4-11.8.) nh Thus, @ 


Figure 4-11.7 
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x(E") У(Е?) 
Vu We +1 
+6 f[N'(o, 9)] 
N(0;6)4 4 Osea АР O [two elements] 
-8 -1 


Figure 4-11.8 


EXAMPLE 4-11.5: Let f: E! — E! be defined by f(x) = sin (1/x) for x + 0, 
and f(0) — 0. The reader should verify that the graph in Figure 4-11.9 
represents this function. Notice that as x approaches 0 from either direction 
this function oscillates more and more rapidly between —] and +1. Let 
N(0,8) be any neighborhood of х = 0. Then f[N'(0,)] = [—1,--1] no 
matter how large or how small ô is; hence f [N'(0,0)] could not be contained 


| in any neighborhood N(b,e) when є < 1, regardless of which point b of 


Se aa FINO, 8)] 


Figure 4-11.10 
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the y-axis is considered. 


(Figure 4-11.10.) Therefore, lim F(x) does not exist 
for this function. 2-0 


EXAMPLE 4-11.6: Let f: E? — E! be defined by f(x, y) = 


2xy[(x* + уз) for 
(х,у) + (0,0) and f(0,0) — 0. If x =y+0, then f(x,y) =l 
then f(x,y) = —1; and if x = Oory 


Pifx— —y +0, 
= 0, then S(x,y) = 0. 

For all pairs of real numbers (x,y) it is true that (x — y)2 

2xy + y? > 0, and so x? + J? > 2ху. Replace x by |x| and y 
x? + y? > 2 |ху|; hence 


2=1(х,у) 


f(W'L, 0), 6]) 
=(+1, 41] 


h is cy oui i 
others, Thus JN ((0,0),]) 15 Not contained in any neighborhood Nip 2) for 
lim Jx,y) does Not exist, (Figure 4-1 1.11), А 
THEOREM 4-11.1: Given any two metri i 
indebted d Rer TIC Sets S and T with f: S— T. If 
а-а 


lim ES, b and CET, then 5 — c, In 
other words, “If the limit exists, the; 
Proof: (Indirect) Assume b ic. Vet а 


n it is unique”, 
4(b,c)/3. Si 
there exists a neighborhood N(a, 


nce lim f(x) = b, 
б) such that [ү (а,б, 


)]c (Ье); ѕіпсе 
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lim f(x) = c, there exists a neighborhood N(a,62) such that f [N'(2,6)] = 


та 

М(с,в). Let д equal the lesser of the two values ô, and дз; then f [N’(a,6)] € 
М(Ь,є) and f[N'(a,6)] € N(c,s). But this is impossible since N(b,e) A 
N(cs) = Ø, and N'(a) 2. (See definition of limit) Hence the 
assumption b + c leads to a contradiction and must be abandoned. | 


4-11.1. 


4-11.2. 


4-11.3. 


4-11.4. 


4-11.5. 


4-11.6. 


4-11.7. 


EXERCISES 
4x? — 17x + 15 
Prove that lim 2 = 7. [Find ô in terms of e.] 
2-3 x-3 
5—8x + 3x* 
Prove that lim 1 = 0, [Find à in terms of e.] 


t—1 
Let f: Ei— E! be defined by f(x) = х?. Find the largest ô such that: 
a. f[N'(2,8)] € N(41/2; Б. ЛМ, = N(,1/2); 


c. f(N'G,3] = №1 /2). 
What conclusion can you draw regarding the size of 6 for a fixed value of e, 


but at various values of x? 


Using the function of Exercise 4-11.3, 
a. Verify that lim f(x) = 9 
z—3 
b. Verify that lim f(x) = а?, for any real number a by proving that 


FING) € Ма?) ifó = Уа? + e — lal. 


Prove that f [N'(a,)] © М(Ь,є) is equivalent to Statement 1 and to Statement 
2 оп page 76. Prove that Statement 2” is also equivalent under the condi- 
tions given. [cf. Theorem 3-6.3, and Exercises 3-6.6, 3-6.7, and 3-6.11.] 


Let f: E! — (0) — E! be defined by f(x) = x sin (1/х). Prove that 
lim f(x) = 0 


z—0 
by showing fIN’(0,8)] © N(0,9) if = £. 


Let f: E*— E! be defined by f(xy) = + ». 
a. Verify that lim f(x,y) =2 by proving fIN'(1,1,8)] © NQ,e) if 
(т,у)—*(1,1) 
= У2 Fe- У2;, 
b. Verify that lim f(y) = a? + b? for any point (a,b) of the plane, by 
(x,y) (a,b) 


proving that fAN'(a,5,9)) = ма + be) if ô= Ve Fb FE 
ма + D. 
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4-12 PROPERTIES OF LIMITS 


In order to understand how the basic operations of arithmetic relate to 
the limits of functions f MB fr 


from a metric Set М to the rea] numbers, 
it is useful to first Study arithmetic Of sets in Ei, 


Let A and B denote апу two subsets of Ет, Using the usual symbols of 
Operation from arithmetic, we define; 


applies to the arithmetic of sets, and 
of 4 


use — B to designate the com- 
In set 4.) 

The following lemmas are stated for Е 

LEMMA 4-12. .« N(p,e[2) +. N(g,e[2) = NQ +4, г) 

Proof: Suppose „ € N(p,e[2) and 


ls — ql < еј2, By Th 
Kr + s) 


*€ Ns): then |. nd 
orem 2.7 Sala) Шр 28 


We ETUR ANM 


р M 


Hence r + s e Mp + 9, d the lemma is Proved, | 


e), an 
LEMMA 4-12.2.« N(p,¢/2) — N(q,2/2) с Np — 

To be proved as an exercise, (Ex, i ( — e o). 
ГЕММА 4-12, 

(ІРІ + 141 + 1). 


Proof: Let r € N(p,e) and s € Ne); the 

&'. Using Theorem 2-72, Irs — Pai = с Е r Em а є 

(ors Wie quu. FAM LITE S (r+ ш” E 

(Ipl + : nd » d es ү Мба), and the lem is CR d. 

(Note tha "| < |р uL Ud EIER RE 1, З 

2-712) | * Exercise 
^ *]tis possible to show 


that equality, rather than 
of addition and subtraction: ho 


Simple inclusio, hol 
Wever, inclusion Will suffice for our Pies x for the casca 
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LEMMA 4-12.4: N(p,&) = N(g,e) = N(p[q,c), whereg 5 0, &' < 141/2, and 
€ < g*e[X(|p| + lgl). To be proved as an exercise. (Ex. 4-12.2.) 


EXAMPLES: By Lemma 4-12.1, N(1,4) 4- N(2,4) € N(3,8), or equivalently, 
When expressed in open-interval terminology, (—3,5) + (—2,6) = (—5,11). 
Here є = 8, and e[2 — 4. 

By Lemma 4-122, N(1,4) — N(2,4) © N(— 1,8), or equivalently, (—3,5) — 
(—2,6) c (—9,7). Again e — 8 and e/2 — 4. Note that the difference seems 
easier to compute when these subsets of E! are expressed as neighborhoods, 
rather than as open intervals. 

By Lemma 4-12.3, N(3,1/2) - N(2,1/2) € N(6,4), or equivalently, (5/2,7/2) - 
(3/2,5/2) © (2,10). Here p — 3, 9 = 2, € = 4, and є' = 1/2, which is less 
than e/(|p| + lgl + 1) = 4/(3 + 2 + 1) = 2/3. Note that in this example, 
e' could have been as large as 2/3 for є = 4. The reader should verify that 
N(3,2/3) - N(2,2/3) = N(6,4). 

By Lemma 4-12.4, N(3,1/2) + N(2,1/2) € N(3/2,5/4). Here ғ = 1/2 while 
€ = 5/4. The reader should carefully compare the details of this example 


with the provisions of Lemma 4-12.4. 
Now let M be any metric set, and let f: M — E! and g: M — E! denote 


any two functions. Define: 
S +g: М E by [f+ glo) = f(x) + g(x); 
7—8: M = E by [f— glx) = f(s) — а(х); 
fg: M— E by [f° gl) = f(x) - g(x); and 
J> g: M- ^ E! by [f — gl) = f(x) = g(x), where 
M- = M — {x| g(x) = 0). 
ExaMPLES: Let f: E! — E! and g: E! — E! be defined by f(x) = 3x? + 
5x + 2 and g(x) = x — 1. Then 
U^ + glo) = 3x? + 6x + 1; 
Lf — gl(x) = 3x? + 4x + 3; 


lf: g(x) = 3x? + 2x? — 3x — 2; 
and 
Uf = gl(x) = Gx? + 5x + 2)/(х — 1), x #1. 


THEOREM 4-12.1: Let А represent any subset of M; then 
U + 810) = f(A) + &(4); 
[f— 810) € f(A) — 84); 
17210) € f(A): (4; 


[f= 2KA) € f(A) = (A). 


and if 4 c M-, then 
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Proof: Part 1: 
1. Let y e [f -- gK(A) > 
2. [f + gl(x) = y for some x in A 


Reason: 
Arbitrary choice 


Definition of image 
3. /(х) + g6) = y Definition of f + g 
4. f(x) € f(4) and g(x) e g(4) Definition of image; хє A 
5. f(x) + g(x) e f(4) + g(A) 


Definition of the sum of two sets 

6. y ef(A) + g(4) Equality, lines 3 and 5. 
The proof of the remainin 
It is easy to verify that incl 
proved here. Consider, for e 


8 three parts is left as an exercise. (Ex. 4-12.5.) 
usion, rather than е 


quality, is all that can be 
xample, f(x) = x and g(x) = 1 — x defined on 
the real numbers. Let 4 = (0,1); then F(A) = (0,1) and g(A) = (0,1); 
hence f(4) + g(4) = (0,2). But Uf + gi(x) = 1, a constant function; there- 
fore [f + gK4) = {1}, а Single point. Thus Uf + gXA) + f(A) + g(A). 1 
In Theorems 4-12.2 through 4-12.5, let a be an 
J: M Ерм р 


t y point of M; assume 
; lim f(x) = b, and lim g(x) = 
=a ta 


c. 


"THEOREM 4-12.2: Lim[ f+ glx) 


=b +c. 
Proof: Consider any neighborhood N(b + c, £) of b+c in E!; since 
lim f(x) = b, there exists a 6, > 0 such 
cra 


that f(N'(2,8,)) = N(b,e/2); and 
since lim g(x) = с, i 2 > 0 such that g( '(a,03)) = N(c,e/2)- 
Letó > Obe the lesser of the two values з andó, Th (а,д)) € 
f(N'(,)) + gas Doe wea aD 


D = f(N'(4)) + sq" D 2) + 
N(ce|2) © N(b + c, e), by Theorem 401 ы, bo] E 


THEOREM 4-12.3: Lim Lf — gix) 
ta 


=b— cç, 
o pe proved gs an аага (ERTA Ia БУ the pitons very like that of Theorem 
4-12.2. 
THEOREM 4-12.4: Lim [f ge) = p. d 
2—4 


Proof: Consider апу neighborhood N(bc, 
chosen subject to the conditions e е < e(l 41): 
Since lim f(x) = b, there exists a бу > 0 such that Toe ee e’); 
@—»а » э 
і і = c, thi ists ] ‚ 
and since lim gG) €» Mere exists a ô, such that EN (a,0,)) = N(c,&)- 
Let ô > 0 be the lesser of the two values б, and 


" б. Then [f- руу ,8) € 
f(N (a,9) - g(N(a,5)) = f(N (a,0,)) ` 8(N'(@,6,)) = Nee A c 
N(b * c, £), by Theorem 4-12.1 and Lemma 4-123. | 


£) of be in pi Let е > 0 be 
<l and 
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THEOREM 4-12.5: Lim [ f — g](x) = blc, if c #0. 


та 
(To be proved as an exercise.) 


The statements of Theorems 4-12.2 through 4-12.5 are frequently written 
in the form 
lim [f(x) + #(х)] = lim f(x) + lim g(x); 
za теа za 
lim [f(x) — £69] = lim f(x) — lim g(x); 
za za za 
lim [f(x) + £69] = lim f (x): lim g(x); and 
aa z-a z-a 


lim f(x)/g(x) = lim /(х) іт g(x), if ER g(x) = 0. 


The first statement is read “the limit of the sum of two functions is equal to 
the sum of the limits of the functions". The second statement is read “the 
limit of the difference of two functions is equal to the difference of the limits 
of the functions”, etc. These statements are predicated on the assumption 
that both lim f(x) and lim g(x) exist. 

с-а 


т—»а 
EXERCISES 


4-12.1 Prove Lemma 4-12.2. 


int: Fi i ^), then |s| > 
4-122. Prove Lemma 4-12.4. [Hint: First show that if se N(q,&), t 
141/2; also use the equalities |r/s = plal = (lrg — psDllsgl = (rg — pq + 


pq — ps\)i\s\ 141-1 


4-12.3. Use the Lemmas to verify that: 

. N(1,2) + N42) € N(5,4) 

. (3,5) + (1,3) = (4,8) 

. N(,3) — N(43) = N(—3,6) 

‚ (3,7) — (1,5) = (—2,6) 

„ Мз). N(4,1) € N(128) 
(1,2) - (2,3) = (5/4,25/4) 

. N(61) + NG,1) © №,2) 


. (0,4) + (2,6) = (0,2) 

— i for 
4-12, аз — 4x + 3 and g(x) = x? + x — 2. Give the formula 
ý pe ee: [3 = Eo Uf: 7X9: [flgl(x). Find the points for which fig 


is not defined. 
4-12.5. Complete the proof of Theorem 4-12.1. 


тщ һоро ср 


4-12.6. Prove Theorem 4-12.3. 


T Я 
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4-12.7. Prove Theorem 4-12.5. 
4-12.8. Let k be any real number. If lim Јо) 


z—a 


= b, prove that lim k Јо) = kb. 
z—a 


4-13 ONE-SIDED LIMITS 


and only if, Corresponding to every 
z—a 
positive number e, there exists a posit; 


and x € A imply | f(x) — b| < e. We also Say that “the limit of f(x) as x ap- 
proaches a from the right is equal to с” 


ise Leser 
Prove that lim f(x) exists whenever lim d lim f(x) 
both exist and are equal, 2a ee "m nee 
EXERCISES 
f(x) 4-13.1. Consider the function f: £1 — (0) E", 
AS defined p. 


itx 2 o GD = б + ух], Note 
that if x > 0, then f(x) = x + 1, and if 
—x — 1. Prove that 
Jim =l and lim у(х) = +1. 
„ H ot 
a [Find 6 in terms of'ein cach case.] 


4-13.2. Graph the functions (a) f(x) = (xx) +5 an ЧЕ ы гү 
Mek P V oS ODE SG). (А 
careful guess is acceptable for this exe L7? зас ait 


TCise.) 
4-13.3. Assume Jf б) =b aad limf (*) = b; that is, the left and right limits 
exist and are equal. Prove lim Го) =b. 
2-4 


ам в n гү 6) = e, where 5 4 с. Prove that lim fe 
does not exist. [Hint: Let e = 


d(b,c)/4 and Consider (р гу and М(с,е) 
Use an indirect proof.] 


5 


Continuity 


and 
Differentiation 


5-1 THE DEFINITION OF CONTINUITY 


7 Let А and B represent metric sets, and consider f: A — B. The function 
J is said to be continuous at point a (a € A) if and only if lim Го) =f@.* 
oa 


Note that the continuity of a function f at a point a has three implications: 


1. fis defined at a—i.e., f(a) exists; 
2. lim f(x) exists; 

а-ға 
3. lim f(x) is equal to f(a). _ 


then the function is discontinuous at 


If any of these three conditions fails, 
S of A if and only if f is continuous 


а. We say that fis continuous on a subset 
at each point of 


EXAMPLE 5-1.1: Refer to Example 4-11:1. The function 
fe) = бе + x — 96 — 1) 
— 
* By the definition of limit, for each neighborhood N(f( (a),€) there exists a neighborhood 


N(aj) such that SING] © NC f (2,9. 
89 
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fails to be continuous at x = 1 since J (1) is not defined. However, lim f(x) = 
z—1 

5. If we define f(1) = 5, then the function becomes continuous. This is an 

example of a function with a removable discontinuity at x = 1, In general, 

if a function is discontinuous at a point a, and if defining (or re-defining) 


(à) would make the function continuous at a, then we Say that f(x) has a 
removable discontinuity at x = а, 


EXAMPLE 5-1.2; Consider f: Ез. pı defined by f(x) = x2, (See Example 
4-11.2 and Exercise 4-11.4b.) This function is Continuous at each point a 
of E!, since lim f(x) = a? and /(а) = а, 


2-а 


EXAMPLE 5-1.3: The function f: p2. E! defined b 
P x 
Example 41 1.3 and Exercise 4-] 1.7b) is Continuous at HA 
plane E? pince. um Gy) = а? + b? апа (a,b) = а 
z,)- (a5) 4 


= x? + у? (see 
h point (a,b) of the 
EDS; 


EXAMPLE 5-1, 


4: The function f(x) = 
Example 4-11.4) Јо) 


is discontinuous at x 
However, lim fe» 
m—0- 


[х/х for x 7- 0 and f (0) = 0 (see 


= 0 since lim f(x) does not exist. 
2235 i 35 
= —l and lim f(x) = +1. This is an example of a 


by redefining f(a), 
EXAMPLE 5-1,5: T 


(see Example 4-11 5) i 


EXAMPLE 5-1.6: The fy 
J (0,0) = 0(see Example 4- 
does not exist. 


nction f(x. У) = 2xy|(x2 " 
11.6)isnot pma a (ТРАМ ys з) 
(2,)—.(0,0) à 

EXAMPLE 5-1.7: The “bracket function” or “ten, Ud. 
symbolized by f(x) = [x], and defined by “F(x) is Duis 
or equal to 4^, has domain а range (y | y is an integer). I 
for all values of. X except where x is an integer, The discontin, 
discontinuities (Figure 5-1.1). 


f: Egg, 
teger less than 
tis continuous 
uities are jump 
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Figure 5-1.1 


THEOREM 5-1.1: If functions f: M — E! and g: M — E! from a metric 
set M to E! are continuous at a point a in M, then the following functions are 
continuous at a: (1) f+ 8; Qf — 8; (3) f- g; and (4) f + g, if g(a) #0. 


lim f(x) = f(a) and lim g(x) = g(a). Now, 


Proof: By hypothesis, 
by Theorem 4-12.2; 


(D lim Lf + gc = +80), 
(2) fim [f — gl) =/@ — 809), by Theorem 4-123; 


(3) lim [/° £109 = fa: ga) by Theorem 4-12.4; 
if g(a) # 0, by Theorem 4-12.5. 


(4) lim [f+ gl) — fa) + 809) 


za 
By the definitions of the sum, difference, product, and quotient of 


functions, [f + #](а) —f(a) + g(à; U — ga = fa) — go; ға) = 
f(a): g(a); and [f + gia = /(а) + g(a), if g(a) # 0. This completes the 
proof. | 


als p(x) = co + СХ ср spes sh eux 


THEOREM 5-1.2: All polynomi 
h point of E. 


р: Еі — E!, are continuous at eac 


Proof: It is easy to verify that f(x) = с, where c is a constant, and g(x) — 
x are continuous on the entire line E^. (Exercise 5-1.1.) By Part (3) of 
Theorem 5-1.1, 174100) = cx must also be continuous оп E!. By Part 
(1) of Theorem 5-1.1, h(x) = ах + € is also continuous (the sum of 
continuous functions is again continuous). By repeatedly using Theorem 


5-1.1, we conclude that р(х) = б + ax + сох? +... + ¢,x" is con- 


tinuous on E*. | 
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COROLLARY 5. 


1.1: Rational functions 4: Е р 
polynomials, 


» Le., quotients of 


h(x) = Sot ax азё... ут 
hot bx ba p. p puso 


are continuous for all x except at those points for which by + b,x + b,x? 
+... + b,x" is Zero, 


Proof: 


Theorem 5-1.2 and Part (4) of Theorem 5-1.1 establish this Corollary. | 


EXERCISES 


5-1.1. Prove that f(x) = с and g(x) = x are continuous on Et, 
5-12. Discuss the continuity of Јо) - (4 x — 9/(x — 2). Ts it possible to 

define f(2) so that f(x) is Continuous on E Graph the function 
5-1.3. Discuss the 


that f) is 


5-1.4. Prove that f(x) = i 
Separately the cases x> 


Continuity of Јо) = xf — 2). Is it possible to define /(2) so 
continuous on £17 Draw a Braph. 


- [Hint: Consider 


5-1.5. Graph the function ЈО) = ра 


= [02 — y 12) for х —3, 
ee + 4,f(—3) 7f) = 0. What type of discontinuity does this function 
5-1.6. Prove that f(x) = у Cos (1/х) has а Temovable discontinuity atx =0, 
5-1.7. Let f: E! {0, 1} 


be defined by f(x) = 
is irrational, Prove that Го) 

Use the fact that 
rational number 


to (a,b).] 


J is rational =0ifx 
із discontinu and f(x) 1 


5-2 SOME PROPERTIES OF c 


ONTINUOUS 
FUNCTIONS 


THEOREM 5-2.1: Let A, B, апа C represent Metric sets, I6 f 4. B is 
continuous on A, and р: B. C j B, then ру; АС is 
continuous on A. 
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Proof: Let a be any point of A and let b = f(a). Given any neighborhood 
N(g(D),&), there exists a neighborhood N(6,6) such that 


(1) gIN(G,9)] © М(е(Б),г) = Mef(@),e), 


since g is continuous at b. Now, since f is continuous at a, there exists a 
neighborhood N(a,Ó) such that 


Q) fIN(a,ô)] = N(F(a),5) = NGS). 
From lines (1) and (2), 
1а, д)] © giN,5)] = N(gf(a),e). 

Therefore gf is continuous at a. | 

For the remainder of this section the letters S and T will denote metric sets. 

THEOREM 5-2.2: Let {a,} be any sequence in S. Iflim a, = p andf: S— T 
is continuous at p, then lim f(a,) = f(p). (“Continuity preserves sequential 

no 


limits") 


N(f(p), є) 


Proof: Consider any neighborhood N(f(p)&) in T. Since f: S—T is 

continuous at p, there exists à neighborhood N(p,ó) such that f[N(p,9)] © 

N(f(p),2). Since lim a, = p, there exists an integer J such that a, є N(p,ó) 
n—--D 
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for all n >J. But this means that f(a,) € f [N(p,8)] c N(f(p),c) for all 
n > J; thus N(f(p),e) confines the sequence f(a;), f(a), f(a,),..., and 
so lim f(a,) = f(p). | 


THEOREM 5-2.3: If f:S+T 


is continuous and D is an open set in T, 
then f(D) is open in S; (i.e. 


» “the inverse image of an open set is open"). 


Proof: Let pe f(D); then f(p)e D. There exists a neighborhood 
N(f(p),e) € Р, since D is open. By continuity, there exists a neighbor- 
hood N(p,Ó) such that S(N(p,6) 


с ) = N(f(p,e) = D. T à)c 
ЈР), which Proves that f-1(_D) is ДӘ, A weer Np 


Тои 5-2.4: If f: S— T is continuous and C is a closed set in Т, 
then f(C) is closed in S; (i.e., “the inverse image of a closed set is closed"). 


Proof: Let D— T — ; : ss 
pu Ho T— C. Then D is Open, since it is the complement of a 
Now f(D) = fr — C) = f(T) — ресу 2 h 

3-6.13. Moreover, f(D) is TD PEE буа / (С) by Exercise 


Н У ореп by Theorem 5-23. С) is 
closed (since f-(C) is the complement of an open кў. ey oP 


EXAMPLE 5-2.1: Let f: E1+ E1 ge defined p 
í Y fe) = 2, . Let 
А < E! be the open interval (0,1), Now f(4) = e A = eee of 
exactly one point, is closed, , isting 


EXAMPLE 5-2.2: Let f: E! р be defined by f(x) = 1/1 ?) Let А 
be the closed set (x | x > 0); then f(4) = locx s n vidi ih not 
closed, 


THEOREM 5-2.5: Let A be a closed and bou 


nded subset of Em let 
ЛА E^ be continuous; then /(А) is also closed. dd 
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Е" 


f(A) 
f 2 


Proof: Let q be апу limit point of the set f(4). Every nei 

N'(g,l[n) contains а point of f(A). des on sii m PR © 
М'(4,1[п) for every positive integer n. The infinite bounded set (a) n? at 
least one limit point p by the Bolzano-Weierstrass Theorem. Since 4 is 
closed, p € A. Choose a subsequence aj, a, as... in (a,) such that 
lim a; = P (Theorem 4-9.6). By Theorem 5-2.2 lim f(a’,.) = f(p). By 


therefore q = f(p) €f! (4). This proves that 


£^ 


п 

construction, lim /(а,) = 4; 
ra 

f(A) contains all its limit points. | 


THEOREM 5-2.6: Let A be a closed and bounded subset of E", and let 
f: А — E" be continuous. Then f(A) is bounded. 


Proof: Denote by 0 the origin in E". Suppose the theorem is false. Then 

for each integer п there exists a point a, € 4 such that 4(/(а,),0) > n. 

The infinite bounded set {an} in A has at least one limit point p, by the 

Bolzano-Weierstrass Theorem. Since A is closed, рє 4. Choose a 

subsequence aj, 4, ag ++ of (a,) such that lim a, = p. By continuity, 
п—ю 

lim f(a’) = f(p), and by construction, lim (а!) does not exist. This 


—© 


contradiction arises from the assumption that the theorem is false. | 
ConoLLARY 5-2.1: Let A be any closed and bounded subset of E", and 
let f: A — E! be continuous. Then there exist two fixed points ue А and 
v € А such that for every point p in A, f) € f) < f(v); (minimum 


and maximum values for f). 

orem 5-2.6, f (4) is bounded. Let M — ].u.b. f(A) and let 
М> (р) >т for every point p in A. By 
Theorem 5-2.5, f(A) is closed; hence M and m belong to f(A). [The 
reader should verify that the Lu.b. and the g.l.b. of a closed set in ЕЁ! 
belong to the set.] Choose и in A such that f(u) = m and v in A such that 


flv) = M. This establishes the corollary. | 


ediate Value Theorem) Let [a,b] be any 


THEOREM 5-2.7: (The Interm 
b] — E! be continuous. If k is any real 


closed interval in £} and let f: [а, 
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number between f(a) and 


(b), then there exists а point p є [a,b] such that 
УФ) = К. 


Proof: Suppose f(a) < k < f(b). Let А = (x | x € [a,b] and f) < К}, 
and let B = (x | * € [a,b] and f(x) >к}. Тһепає 4, Бев АВ 2, 


and 4 U B = [a,b]. Let p =1.u.b. A; then a Xp <b, and p is a bound- 
ary point of both 4 and 


B. (Every neighborhood N(p,9) contains a 
point of 4 and a Point of В.) Consider any neighborhood N(f(p),s); 
f(N(p,8)) = N(f(p),e) 


COROLLARY 5-2.2: Let [а,Ь] be any closed interval in Et, and let f: [a,b] > 
E! be continuous, Then flab) is either à single point or a closed interval. 
(To be proved as an exercise.) 


EXERCISES 


5-2.1. Let C denote a closed and bounded set in El, Let M = Lu.b. C and m = 
Tid g.l.b. C; prove that M and т belong to С. 


5-2.2. Prove Corollary 5-2.2, [See Corollary 5-2.1 and Theorem 5-21] 


e that f: [a5] E! is а Continuous function such that f(a) and fe) 
5.2.3. пр ie Signs. Prove that there exists а root Cof the equation f(x) = 0; 
i : f(c) =0 for some number c € (a,b). 
4. Use Theorem 5-2.7 and the function fx) = xt de 
5-2.4. 


fined on the interval [1,2] 
stablish the existence of a real number c such that с® = 2. 
to € 
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5-3 UNIFORM CONTINUITY 


Let S and T represent metric sets. Let 4 be a subset of S containing no 
isolated points of S* and consider a function f: S — T. By the definition of 
continuity and the definition of limit, fis continuous at a point a of A if and 
only if for every e > 0 there exists a ô > 0 such that f[N(a,2)] = N(/f(a),e) 
It is important to note that the question of continuity relates to individual 
points. Usually, 6 not only depends on & but also on the point a under con- 
sideration. 

The function f: S — Tis said to be uniformly continuous on A if for every 
є > 0 there exists a ô > 0, depending only on £, such that f[N(a,6)] = 
N(f(a),e) for every point a in A. The important aspect of this definition is 
that ô depends only on е; that is, 6 can be chosen so that it does not depend 
on individual points a of the set A. The following statement is an equiv- 
alent definition: f: S— T is uniformly continuous on 4 if for every e — 0 
there exists a 6 > 0, depending only on e, such that d(a,,a;) < ô implies 
d( f (aj), f(a2)) < £ for every pair of points a, a; in A. 

Uniform continuity always relates to a set. Furthermore, uniform 
continuity on a set A always implies continuity at each point of A. However, 
the converse of this last statement is not true. 


EXAMPLE 5-3-1: Consider f: Ei E! defined by f(x) = x°. Given any 
2-0, if à— Vat 4- c — lal, then f[N(a,9)] © Му (а),е). (See Exercise 
4-11.4b.) Hence f is continuous at each point a in Е!. Let S be any bounded 
subset of E!; S © N(0,r) for some real number r. We will show that fis 
uniformly continuous on 5. For every ғ > 0, choosed = Nr? + € — r. 


Now, |а| < r implies Ма + є— |а| > Ма += 
so f[N(a,9)] € N(f(a),£) for every point a in 5; § does not depend on a. 


EXAMPLE 5-3.2: Consider f: (0,4) — Е! defined by Јо) = 1/х. This 
function is continuous at each point of the interval (0,4). Given any = > 0, 
the largest 6 such that f [N(a,6)] € МО (a),€) is given by the formula 


1/(а — ô) = 1/а + е, or max à = єа?/(ка + 1). 
= іт ea®/(ea + 1) = 0. 
a0 


However, lim (max 6) 
a0 


This means that for any given € > 0, there exists no ô > 0 small enough such 
that f[N(a,5)] © № (а),е) for all a € (0,4). Hence, f is not uniformly con- 
tinuous on the set (0,4). See Figure 5-3.1. 


* See footnote, page 75- 
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y 


N(s,c) 


Figure 5.3.1 


"THEOREM 5-3.1: Let f: A+B denote a Contin 
closed and bounded Subset of Ertl 


hen f is uniform 
Proof: An indirect Proof will be use 
not uniformly Continuous on 4 cl 
Since f, by our as 


гп, points p, and q,in A 
P») f(q5)) > е. Consider 


t: dn 4. By the Bolzano-Weierstrass 
пе point а Such th 


the Sequence p,, 
Theorem, there e 


converges to а, Let HAC Ayes TA 
{gn}. Note їһаї (р, g^) < I/nand |, 
{qi} must also converge to a. Since fj. du p OH 
жүнү N(@,6) such that SN 
confines both (p; and (07): thus th i ir (p!.g’) wi 

same subscript, belonging to N(a,6). 7 Pait (51), with the 


bsequence of 


So f(p;), (qi) ES(N(a, буу = 


whence ФЛОРА < е. This contradiction forces us to accept the 
theorem as stated. | н 


N(f(a), e/2), 


Sec. 5-4 THE DERIVATIVE 99 


EXERCISES 


5-3.1. Show that the function f(x) = х? is not uniformly continuous on £7. 


5-3.2. Prove that the function f(x) = 1/х is uniformly continuous on (1,4). 
5-33. Prove that the function f: E? Е! defined by f(x,y) = x? + y? is uniformly 


continuous on every bounded subset of Е?, but not uniformly continuous on 
the entire space E*. (See Exercise 4-11.7b.) 


5.4 THE DERIVATIVE 


Let f: E! — E! be any function. For each point a € Et, we define 


аа) 
Ја) = lim Lom RR 
e differentiable at x — a, and f (a) is called 


If this limit exists, f(x) is said to bi } : AES. 
the derivative of f at а. A geometric interpretation of this definition is shown 
in Figure 5-4.1. Here, gt) = Ua + п — f (ah denotes the tangent of the 
angle of inclination а, or the slope of the line joining points (af C 
(a + №), f(a + h). By definition, f TO g(h). Hence f'(a) is equal to 
the slope of the curve y = f(x) at the point (a,f(a)). (The slope of a curve 
at a given point is defined to be the slope of the tangent line to the curve at 


that point.) 


(a+h, fla * ^) у= f(x) 


fla+h)- fla) 


[ 

1 

! 

1 
| 
1 
| 

4 


(а, fta) --------- 


Figure 5-4.1 
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It should be noted that 800) = [f(a + h) — J(a)lh is not defined at 
h — 0. However, this fact has no bearing on the lim 8(h). (See definition of 
limit.) 2—0 


The reader undoubtedly remembers this definition of the derivative from 
his work in elementary calculus. Some Portions of the following work will be 
a review of this important concept. 


EXAMPLE 5-4.1: 


Find the derivative of f: A, р given by f(x) = Vx, 


= lim uh _ 
OAV + Rap 1) 
line 1/2. 
A9 TIER uq 
It is possible to replace AATF h + 1)] 
QE ^ + 1) since these two functions 
| Шег only at 4 = 0; со imit 
Figure 5.4.2 as h— 0 is not affected, | D eu 
EXAMPLE 5-4,2: Given fUEV— pi defin 
, EXAMPLE: DEL, d =; 
ative (if it exists) at x — 0 (Figure 5.. By A 


4 ae |x|. Find the deriv- 


aul =lim a 
0 rao h 
Study the function g(h) = | 


Ih, graphed in 


exist (see Example 4-11.4); hence /'(0) does ne Wa ea im &(h) does not 
y 
y 7lxI 
0 


Figure 5-4.3 


Figure 5.4.4 
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THEOREM 5-4.1: If f: E! — E! and f(x) is differentiable at x = a, then 
f(x) is continuous at a. 1 

Proof: Since f(x) is differentiable at a, f'(x) = lim [f(a + h) — 

exists. Now, d yes Gol 


lim fa юуга] nO) 
A-0 һ—0 h 


-h = [f'(a)] -0 = 0. 


This means that lim f(a + h) = f(a). Let x = a + h; then л — 0 implies 
һ-0 
х — a, and we may write 
lim f(x) = lim f(a + h) = f(a). 
za h-0 


This is the definition of continuity of f at the point a. | 


The converse of Theorem 5-4.1 is not valid; that is, we cannot conclude 
that if a function is continuous at some point x — a then it is necessarily 
differentiable there. The function f(x) — |x|, of Example 5-4.2 above, is 
continuous at x — 0, but not differentiable at x — 0. 

The definition of the derivative is often written in the form 

f) lim 2222022000 
a0 h 
It is important to remember that x is held constant and A is the variable when 
evaluating this limit. Using this notation, f'(x) is the slope of the curve 
У = f(x) at the point (x,f(x)). The derivative is also denoted by symbols 
D, f(x), f', dyldx, df (x)/dx, y', etc. 

Often, the less precise notations Ax instead of A and Ay instead of 
f(x + Ax) — f(x) are used. The symbol Ax is referred to as “a change in 
the variable x”, and Ay is called “the corresponding change in y". The defini- 
tion of the derivative is then written dy/dx = lipi Ay/Ax. (See Figure 5-4.5.) 

z 


ExAMPLE 5-4.3: Find f'(x) for f(x) = x", where n is a positive integer. 
By definition, 


n — IE 
fC) lin e ЮУ 
A-0 h 
lim x? + nx^h + [n(n — 1)/2!1]x" h? +: + nxh*^ + h” — x" 
T4. h 


(using the binomial formula to expand (x + A)"). 


Hence f'(x) = lim [nx* + n(n — 1)x"-*A[2! 
iu + n(n — (п — 2ye3h*[31 ff hT = nx? 
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у= f(x) 
(x x, f(x+Ax)) 


f(x + Ax) - f(x) = Ay 


Figure 5-4.5 


EXAMPLE 5-4.4: Given f(x) = sin x; find f(x) at any point x. First it is 
necessary to evaluate two special limits: 


noo h 


0) lim and (у tim ==, 
where / is measured in radians, 


h-0 


ton h 


Figure 5.4.6 


Part 1: Since (sin h)|h = [sin (—h)]|—h, we n 

which A > 0. Figure 5-4.6 illustrates the se 
for t О. The central angle AOB is equal to h 
pd perpendicular to OC. The area of the rj 


eed only consider the case 
ctor of a unit circle wit 
„апа the Segments BA an 
ght triangle OAB inside the 
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sector is given by (sin A)(cos /)/2; the area of the sector OCB is gi 
С ѕ ріуеп Ь 

(Һ/2т)т or h/2; and the area of the right triangle OCD outside secon А 
given. by (tan /)/2. Therefore, (sin А)(соѕ h)/2 < h/2 < (tan h)/2. Dividing 
by (sinA)|2, we have cosh < А/(ѕіп h) < 1/cos h, and since lim cos h = 
M h s 

| E B EA . sinh 

ы Л 1, we conclude that m SEE 1, and consu cady = =1, 


Part 2: To prove that 
созун =й! 
lim —— — — = 0. 
a0 h 


1 cosh —1 cosh--l , cos*h—1 

im ——— а lim Tn 

A50 h cosh--l  n=oh(cosh + 1) 

—sin?* h 
а 
кооз +1) 
sinh —sinh 
ho h cosh+1 
=1:0=0. 
Now we can easily find the derivative of f(x) = sin x by writing 


f'G) = lim sin (x + h) — sin x 


h-0 


y sin x cos h + cos x sin h — sin x 
е 


‚һә h 
— lim [in x) ©®° еш с sin hrcos »] 
A20 h h 


= sin x-0 + 1: cos x = cos x. 1 


Tueorem 5-4.2: If f(x) and g(x) are differentiable at some point x in E! 
and c is a constant, then the following functions are also differentiable at 
x: of (x)3 fx) + вО); ГО) — 269; LO - а(х); f CO[gGO if g(x) # 0. More- 
over, (i) Dyle -fO = € D,f o9; (i) Delf) + G0] = D. f(x) + Dzg(x); 
(iii) D,[f(x) — g0)! = Daf G9 — D80); (iv) DIG): 021 —f 69 Р(х) + 
£6) Daf O); and (у) DAS lN = [8G - Def) SO: Dato 
if g(x) 40. (The proofs of parts (i), (ii), (iii), and (v) are left as exercises; 
the proof of part (iv) is presented here.) 
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Proof: 


у = + g(x) 
Se pag te Dee) д.) 


h-0 


— limL@+4)- g(x + 8) — f(x +h 


аб) $+ Н). (x) — уо): 86) 


= lim f(x + h) £& +4) — g(x) + g(x) L& № — f(x) 
pur h h 


=f): D,e(x) + g(x) - D.f(x). | 


EXERCISES 


5-4.1. Using only the definition of a derivative, find f(x) for each of the followin, 
© Ло) — x9 42x 44, US O fe) = Bx + 25x — 4 

@ f) = cos x; Ofa) = V. 

Prove parts (1), (ii), (ш), 

5-43. Let f: A+ pi 


5-42. and (v) of Theorem 5-42. 


be a continuous function where AcE, 


Prove that 
nm а +h) — (ауу =0 


+ This fact is often Teferred to in*qe]ta» notation by the 

Statement: “If fis Continuous, then Ay approaches 0 when Ax approaches 

0” or "Ay— 0 when Ах э. 

5-4.4. Graph the function f) = |? *x—2| 
Example 5-4,2 t 


- Follow the 
O prove that 
each case.) 


£'(1) апа f'(—2) 


pattern given + 
do not exist, (Graph g(h) i 


5-5 THE CHAIN RULE 


The “delta” Notation : Page 101 is 
considerations relating to compositi functions, 
ented by ;, 


especially useful in 
ufi f: Bo Ез and 
= f(x) and y = ge? 
e А = Ef). Consider а change Ax in 
the variable x, with corresponding changes Ay, and Ay in u and У, respectively- 
(See Figure 5-5.1.) 
THEOREM 5-5.1: Underthe Conditions given above, dy 
(This theorem can also be expressed t 


: [dx = (dy|duy(du|dx)- 
D,g(u)* Def (9) 


У the equivalen: formula D,[gf(x)] = 
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Figure 5-5.1 
Proof: If we could assume that Ли 52 0 when Ax #0, the proof 
would be very simple: dy/dx I Ay/Ax = lim (Ay/Au) - (Au/Ax) = 
. у ES _ Aro 
lim (Ay/Au) шш, (Au/Ax) ery) pum (Au[Ax) = dy/du - duldx. 


Az—0 ш 2 

(Note that Ax > 0 implies Au — 0 by Theorem : 5-4.1 and Exercise 5-4.3.) 
If, however, Au = 0 when Ax #0, then the equation Ay/Ax = 
Ay/Au + Au/Ax cannot be used. To avoid this difficulty we define a 
function A of the variable Au as follows: 


Let 
h(Au) = Ay|Au — dydu if Ди 0, and h(Au)=0 if Au—0. 
Then lim h(Au) = lim h(Au) = dy/du — dy/du = 0. 

Au-0 


Az70 


Now Ay = (dy|du) - Au + h(Au) - Au is valid whether Au is 0 or not. 
Therefore lim Ay/Ax = lim [(dy/du) - (Au/Ax) + h(Au) : (Au/Ax)] 
2-0 Ar+0 


= (dy/du) : (du[dx) + 0° (du|dx) or dy|dx = dy/du  duļdx. 1 


EXAMPLE 5-5.1: Differentiate у = (1 + x39. Letu = f(x) =1 + x? and 
y = g(u) = и. Then у = gfG) = Q + х3)". From the equation dy/dx = 
dy|du - duldx, we get 


dy|dx = 40 : и? · (3x2) = 40(1 + x3y*(3x?) = 120x*(1 + a), 
EXERCISE 
5-5.1. Express each of the following as the composition of two functions y = g(u) 


and и = f(x), and find dy/dx by the chain гше: (a) у = (4x* + 3x + 2); 
(b) у = sin Qx? + 3x); (c) у = [eos Q3. 


.5 
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5-6 THE MEAN VALUE THEO 


REM FOR 
DERIVATIVES 


In this Section, f will denote a function from a Subset of E! to E}. 


LEMMA 5-6.1: Assume Sis differentiable at each point in the open interval 
(a,b). If there exists a 


fs b), 
] Point гє (a,b) such that ЈО) > f(x) for all x e (a, 
then f’(v) = 0; also, if there exists a point u € (a,b) such that Га) <f) for 
all x € (a,b), then f'(u) = 0. 


Proof: Consider 


ШО р 5007 


Ф. ive or 0 for h < 0 
"Therefore 
70) = lim £@ + 1) — rq) 
hoo h 
ual zero, (Th i 
riis eae "n P reper should furnish the Proof of the second part 


Tenoren 5-7: Rolle’ Theorem: If (1) ру exist inan opel 
interval (a,b), (2) fis Continuous at а а ) exists for every x in an op 


nd at b, and Ee re 
exists a number 2 € (a,b) such that Р) — 0, Oa = f(b), then the 
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1 
i 
1 
[ 
1 
1 
1 
1 
! 
1 

4 


Proof: Case 1. If f(x) = с, where c is a constant, for all x € (a,b), then 
f'(x) = 0 for all x € (a,b) by the definition of the derivative. 


Case 2. Suppose f(x) > f(a) for some хє (a,b). By Hypotheses (1), (2), 
and Theorem 5-4.1 f(x) is continuous in the closed interval [a,b]. Hence, 
by Corollary 5-2.1, there exists a point v e [a,b] such that f(v) =f) 
for all x є [a,b]. Moreover, since f' (a) = f (b) and f (a) is not the maximum 
value of f(x) in [a,b], v must belong to (a,b). By the preceding lemma, 
f'o) = 0. 

Case 3. Suppose f (x) < f(a) for some x € (a,b). Since f(x) is continuous 
in the closed interval [a,b], there exists a point 4 € [a,b] such that f(u) < 
f(x) for all x € [a,b]. Moreover, since f(a) = f(b) and f(a) is not the 
minimum value of f(x) in [a,b], и must belong to (a,b). By the preceding 
lemma, f’(u) = 0. 1 


The geometric interpretation of Rolle's Theorem is that the graph of 
the function f, under the stated conditions, has a horizontal tangent for af 
least one point (z, fe». where z € (a,b). In the figure accompanying Rolle's 
Theorem, there are two more points, not marked, in (a,b) which could serve 


as z. 
Mean Value Theorem for Derivatives: If (1) f'(x) exists 
and (2) f is continuous at а and at b, 


“ушы ш 


then there exists a number 2 € (a,b) such that f(z) = Pa 


THEOREM 5-6.2: 
for every x in the open interval (a,b), 


Proof: Let function F be defined as follows: F(x) = [f(b) — f (a)]- x — 
[b — а]: f(x). By Theorem 5.4.2, F'(x) exists for every хє (a,b), and 
F(x) = [f(b) — (aj) — 6 —2* f(x). By Theorem 5-1.1, the function 
F(x) is continuous at a and at b. Also, F(a) = F(b). The function F 
satisfies all the conditions of Rolle’s Theorem; consequently there exists a 


us 
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number z € (a,b) such that F’ 
ооуу LO Lo, 


——\/ 


@ — 0. Thus[f(5) — f(gy]. (b—2a):f') = 
І 
b 


joining points (а, f (a)) and (b, f(b)). There 
ints on the graph of f. 

» and slightly less general, form for this theorem is often 
used. Suppose f (x) exists for each [х,х + Ax] © [a,b], 
then there exists a point z € (x, x + Ax) such that JG E Ax) — f(x) =f"), 
or f(x + Ax) — f(x) = f) Ax. Ax 


5-7 TWO CONSEQUENCES OF THE 
MEAN VALUE THEOREM 


THEOREM 5-7.1 : Given a: 


ny interval [a,b] c Е1 
E! such that f'(x) = 


0 for all x e [a,b]. Then 7 
Proof: Let x be any point in (a, 


andany function f: [a,b] > 
X)—c,a Constant. 

b]. By the Mean Value Theorem, there 
\ : (г) — ОЎ — f(a) 

exists a point z € (a,x) such that Г) = SSS 


x—q + but f(z) — o, by 
hypothesis. Therefore f(x) — f(a) for all а [a,b]. | 
THEOREM 5-7.2: Let f: [a,b] — E 


tiable functions such that f’(x) 
c, a constant. 


and g: [а,Ь] > zi Бе апу two differen- 
= g'(x) for all хє [a,b]. 


Then f(x) — g(x) = 
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Proof: Let h(x) = f(x) — g(x). Now A'(x) = f'(x) — g'(x) = 
x € [a,b]. By Theorem 5-7.1, A(x) А n 46 — g'G) = 0 for all 


EXERCISES 


5-7.1. Complete the proof of Lemma 5-6.1. 


5-7.2. Find z, as prescribed by Rolle's Theorem, for 
(a) f(x) = sin x, [0,7] 
(b) f(x) = x3 — 3x? — x + 3, [1,3] 
5-7.3. Find 2, as prescribed by the Mean Value Theorem, for 
(a) f(x) = In x, [l,e] 
(b) f(x) = Ax? + Bx + C, [a,b] 


5-7.4. Let f: [a,b] — E! be any function such that f'(x) exists and f^ (х) #0 for all 
x € [a,b]. Prove that f is strictly monotonic on [a,b]. 


5-8 THE GENERALIZED MEAN VALUE 
THEOREM 
THEOREM 5-8.1: Let f (x) and g(x) be differentiable in the open interval 
(a,b) and continuous at a and at b; then, if g'(x) z 0 for all x in (a,b), there 
exists a value z є (a,b) such that 


£2) _ fb) = f(a) 
g(z)  g(b) — gla) 

The reader can readily see that if g(x) = x, then g'(x) = 1, and g(b) — 
g(a) = b — a, giving the Mean Value Theorem in its original form—a 


Special case of this Generalized Form. 


Proof: Define a new function H(x) as follows: 
Hæ) = [/@) — f(2] : £69 — [g) — (21 S. 


Now H'(x) exists and is equal to [ (b) — f (2): g'C9 — [g(b) — ga) Го) 
for all x є (a,b). The function H(x) is continuous at a and at b, since f(x) 
and g(x) are continuous at these points. Moreover, H(a) = H(b); there- 


fore, by Rolle’s Theorem, H'(z) = 0, or equivalently, 

Lf) — A: g'€) — Ig) — 809) `7 '(z) = 0 
for some z є (a,b). Note that g(b) # g(a), since g(b) = g(a) would imply 
that g'(x) = 0 for some value x in (a,b), contrary to hypothesis. 


Hence Г) — f(2): £2 — [g(b) — g(a)] f'e) = 0 


Which are differentiable at each 
a) = g(a) = 0 and g'(x) £0 fo 


CONTINUITY AND DIFFERENTIATION 


may be written in the form 


f'G) f(b)- уа) 


ЧӨ) 
THEOREM 5-8.2: Г’ Hospitals 


exists, then 


also exists and 


&(b) — g(a)” 


fc 


lim 99 = i LOD 
ea B(X) © сз g'(x) 


Proof: By the General 
X € N'(a,e) there exists 


ÍG)—f(a) f) 
8()— gla) g'z) 


Since f(a) = g(a) = 0, L@)/g(x) 
Thus 


and x, x— a implies z — а, 


Јо) 


lim = — tim 
za g(x) za 8'(т) 


The value of 


does not depend on the choice 
variable (i.e., z can be replaced 


Јо) 


lim == 
>a g(x) 


EXAMPLE 5-8.1: Evaluate 


› 


FO 


O 


by any letter 
= lim A) 


аза g'(x) 


. Sinx 
lim — 
2-0 X 


of the letter г 


)5 
1 
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Rule: Let f (x) and g(x) represent functions 
point of a neighborhood Ма,є). Assume 
r all x e N'(a,e). If 


ized Mean Value Theorem (5-8.1), for each 
à point z between a and x such t 


hat 


—f'G)lg'(). Since z lies between a 


fe) = lim (2 


а g'(2) ` 


“presenting the independent 


consequently, 
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by L'Hospital's Rule. Note that f(x) — sin x and = i 
necessary conditions. á i oe: 


EXERCISES 


5-8.1. Find z as prescribed by the Generalized Mean Value Theorem for: 


(a) 70) = Vx, gG) = 2x + 1; [1,4]. 
(b) f(x) = 2x + 5, g(x) = х2; [a,b] where a > 0. 


5-8.2. Use L'Hospital's Rule to evaluate the following: 


1 cos x _ ax? — Tx +2 
@ а y [2 Ө Mi xi2x —8 


. sinx —x $ 
(c) lim — z [Hint: It is often necessary to apply the rule several times 
2—0 
in succession.] 


5.8.3. Criticize the following argument: 
n 28-x-l a 4x —1 
їй үү ҮП" C OVES 


2—1 2-1 


= іт = 2 


al 


5-9 DIFFERENTIAL NOTATION 
Consider f: (a,b) > E’, where (a,b) € E! and fis differentiable at each 

point of (a,b). Then 

mle 0700 _ уу 

A0 h 
implies that 

fe h) — feo) ca f'(x) 
h 


if А is small. (The symbol ~ means “approximately equal to”.) Let 


, = fet N= у; 


then f(x + h) — 70) = О) + £g): h. Figure 5-9.1 illustrates the difference 


between f(x + h) — f(x) and f "(х) +В. 


5 
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Figure 5.9.1 


Geometrically, 


leh| represents the distance between the curve and the 
tangent measured 


along the vertical line at x + р. Now 
тте tim [® + ло) | £0) p. o, 
Јо) = (f) + She f 


hence f(x + hy — fr values of h.* 
Using delta Notation, this approximation js 


In more elementary texts, A is denoted dy 3h) is represented by 
dy. The resulting formula is dy — f(x) dx. The Symb 
derivative introduced earlier did Dot attach Separate mea, 
or dx. 


nings to either dy 
EXERCISES 


In Exercises 5-9.1 and 5-9.2, find both A 


h Y — f(x +h) — f) and the differential 
approximation dy — df(x;h) for the function У = f(x) and the values of x and 
h given: 

о Beale ST med era ЕИ 
? КТЕ с 


* The product eh is small compared to h since e > О when 4 => 9, 
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5-92. f(x) = I(x + 2); а. x = 3, h = 1; b. x =3, h = .1; с. x —3, h = 01. 


5-9.3. Approximate 4/98. [Hint: Consider f(x) = Vxatx = 1, where h = —.02; 
solve for dy.] 


5-9.4. Approximate Ў! 8.01. 
5-9.5. Approximate sin 31°. [Hint: x = 2/6, h = 2/180.) 


5-10 PARTIAL DIFFERENTIATION 


Let A be an open subset of E*, and let f: A — E! be denoted by z = f (x,y). 
Partial derivatives are defined by holding either x or y constant while the 


other varies. The formulas 


т 


fy) = lim 
ho 
define the partial derivative of f with respect to x and the partial derivative of 


f with respect to y, respectively. Other notations in common use for f,(x,y) 


are 


f(x +h, y) —f(xy) and f(x,y) = lim Јо, y + k) — f(x,y) 
h pe к—0 k 


az Of Уб» 
9x’ 0х’ Ox C 
and similarly for /,(Х,у). 
EXAMPLE 5-10.1; Let f: Е? — E! be defined by f(x,y) = xy + 3j — 7. 


Then 
iy 3y? — 7) — [у 3» — 7 
fx) = im GEMS > Л Dey tày J 
A20 


: эу + 2hxy + Му E3y —1 — ху = 7 
= іт h 
һәо 


= lim 
h-0 


2hxy + Hy _ jim 29 + һу — oxy, 
h 1 


h-0 


EXERCISES 


ow that the partial derivative of f(x,y) = 


5-10.1. Use the definition for f(x,y) to shi 
Wilco fu equal to x* + бу. 


x?y + 3y? — 7 with respect to y is 
5-102. Let f: E? E be denoted by и = /(х,у,2). The partial derivatives fz fy f; 
are defined by holding precisely two of the variables constant while the 
other, indicated as a subscript of f, varies. Provide (limit) formulas defining 
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Chap. 5 
. 1 a- 
Љу), руу), and f,(x,y,z), and evaluate each of these partial deriv: 
tives for f(x,y,z) = хуз: = 3xy — 22, 


5-11 THE TOTAL DIFFERENTIAL 


here A is an open subset of Е E 
Assume that the partial derivatives Jz and f, exist at every point in so 


C) f Gs + A, y, + k) FC Yo) = [у(х 4. hs Yo + К) у(х, у, + I0] + 
[Go % + ®) — fiy] (add and subtract f(x, у, + 4). 
For the moment, hold k Constant and а 


Pply the Mean Value Theorem to the 
function f(x, у, + К) of the Variable x to Obtain a real number v between Xo 
and x, + h such that 


Q) It h tH) fg 
h 


(3) fx, Jo + К) — Гоу) 
k 


= Лх»). 
Multiply formula (2) by h and formula (3) by k and substitute into formula 
(1) to obtain 


fo, EIS h, у, T k) 


= f(t, yo + k)-h + fx, w) k. 
Let e = f(v, Jo + k) 


— (хоу), or Лоу + k) = 
E = fiw) = х,у), ог f i) 


Tues Yo) 


Јоу) + ву. Let 
= fixo yy) + £y. Then 
(4) I(x + h, yy +k) — / Gy) = Uo. y.) at а]: А uk Us Gs yo) + е]: k 
Since f. and f, are Continuous at (хоу), 
nd x aam ^ Dri, Yo + k) = /(хо,уо)] = (хоу) E Iyo) =0 
and 


lim &= lim Xow) — 
(1,8) (0,0) ъа оо sm 
Hence, 


(5) Js + h, Yo +k) 


fixo, y)] = fixo yi) АСО) = 0. 


A (хоу) ^ faxo y )h foy E 
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This approximation is frequently expressed in delta notation where Az — 
d Ay =k; that is, 


Хх, + h, yy + Ò Гоо) Ax = han 
(6) А: о (хоу) Ах + fero АУ* 


The subscripts on Xo and y, may be omitted, since they only served to remind 

the reader that the point (Xoo) is to remain fixed during the discussion. 
The expression (х,у)! + f (oy) used to approximate f (x + hy +k – 

S(x,y) is called the total differential of f at (х,у) with increment (h,k), and is 

represented by the symbol df (x, y sh, k), or merely df: 

(7) df= а[(ху;һЮ) =f + fe 

In some texts, this differential is given by the formula dz = f(x,y) dx + 


Гу) dy, where dx = h, dy = k, and dz = df (x,y she). 


EXERCISES 


In Exercises 5-11.1 and 5-12, find both Az =f +hy + к) — fes») 
and the differential approximation dz = dft (x,y;h,k) for the function z = f(x,y) 


and the values of x, y, /» and k given. 


511.1. f(x,y) = xty + xy + 6а. x=ly 
bes, он = 059 = .04 


5-112. f(x,y) = 1G +у); a x= 3, 
b. x23y-2h7 Ob = 01 


=2,h =.3,k = .4 


vet x? 
улу „үз, Find the exact (AV) and approximate 
y (dV) change in the volume V of the cone 
illustrated, if x is changed from 4 to 4.02, 
and y is changed from 9 to 9.03. 
aA 
5-11.4. Let u = f @y:2) be any function ys A- Et, whe bset 
Assume that the partial derivatives fx fv and f, exist at every point in some 
neighborhood of a fixed point (ху,уо,2о) ОЁ А and are continuous at (xo) Zo). 
Prove that f(x, + A Yo + k, zo +1) aks [f боого) + Elh + 
"(xs yo zo) + 5816 where im s =0,fori= 
белы + eglk + [Coo Zo) + Eal eI fori — 1, 


where A is а subset of E?. 


* From elementary calculus, the equation for the tangent plane to the surface z = f(x,y) 
at (хоу), where 20 = f Gy). iS given by Z — 7» = хоу) ` (X — xo) feo (у= D | 
Hence, the error in the approximation Az хоу) Ax + fixo) Ay is equal to i» 

nd the surface z — fy), measured along the ve A 


distance between the tangent plane а! 


line at (xo + x, Yo + J) 
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Неге, df(x,y,z;h,k,t) = fa Goy,z)h + Лоу) k+ f. %Y,z)t is called the 
total differential of fat (x,y,z) with increment (h,k,t). 


5-11.5. Let f: E?— pi be defined by u = xyz? 4 X*y*. Find both 


Au =f +h, Yk z+ t) —fy,z) 
and the differential approximation 


du = df (x,y,23h,k,t) 
for the values Of x, y, z, h, k, and t given: 
ax=l,y =22=3h=1 4 


Biel) ye eee оле 


5-12 THE DIRECTIONAL DERIVATIVE 


Let f: A — E! be any functi 
Tepresent f by z —fGy) L 

Segment L in the Xy-plane, with 
angle of inclination of L with res 


Yo) to p is given by s = 


vie + К. Note that * The directional deriv- 
ative, DIO f(x. yy]. of fat (x,y) in the direction measured by 0 is defined by 


РЈ) = tim Tro + s соз 6, y+ s - gin 8) уу) 
5-0 s 


L 


ср Yok) 
! 
k 
rj 1, 


П 
----1 


(х,у) z h 


x 


Assuming that the partial derivatives f; and Ja exist in a neighb 
i x orhood of 
Co) and that they are continuous at Gy), the directiona] e can 
be evaluated as follows: 
From formula (4), page 114, 


Lo + h, Jo + K) — fe) = (fry) + EE Orbe ee 
where lim &= lim е, 0, Divide by s to Obtain 
(һ,к)—*(0,0) (һ,Е)—*(0,о) 
Јо + h, yo + k) —/(хьу) =), : CC rra 
à s 
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Substitute Р = s cos 6, k = s sin б, and take the limit as s approaches 0: 


f(% +s: cos 0, yo + s sin 0) — /(хо,уо) 


00,1 = lim 
= lim [(fz(%0,¥0) + ву) cos 0 + (fí(Xoo) + ез) sin 0] 


= fio) cos 0 + хоу) sin б. 


Note that 5 — 0 implies (h,k) — (0,0), which in turn implies ғ; — 0 and 
еъ — 0. The geometrical interpretation is illustrated in Figure 5-12.1. 


z=f(x,y) 

(Here, C denotes 
the curve of 
Intersection of the 
surface z=f(x,y) 
and the vertical 
plone containing 
line L) 


(xo, Yo), f(x, Yo)) 


Figure 5-12.1 


EXERCISES 


5-12.1, Find D[0f xo] where fay) = xy ys (xo) = (1,2) and 0 = 7/6. 


5-122. Given f(x,y) = x? + y. | 
.Fi 4,3), where 6 is not specified. 4 { 
b. End ATARI value of РІ, J/GJ4,3). (Hint: Solve the equation 


а. DIO, f(314,3)] = 0 to obtain the angle 6 at which D[0,/(3/4,3)] is 
dia { 


maximum.] 
‚у) such that the partial derivatives f, and f, exist 


5-12.3. Given any function f(*, ; 3 
in some neighborhood of the point (хо,уо) and are continuous at (х,у). 


Show that the maximum value of DI, foyolis VEL Guo + Uy? 


Integration 


6-1 SIGMA NOTATION 


The sum of n terms, а, 
n 


>a + ds + а +.. 
n 
È а; that is, £a 
k=l k=l 


- + a, is denoted by the symbol 
каат Ean 


EXAMPLES: Sper wey 10; Shae ARE 
k=1 


iere eos Ук 1/3 + 1/44 05416 19/20; 
k= 


Sk Dk = (2)1 TO tae In. 
k=1 


THEOREM 6-1.1: Y p = р 1)/2. 
k=1 


Proof: Consider the binomial 


Ct ay = doe 


ог Uta ys 
Let =} 


=1+ 2x, 


=n (n+ D-n] + 200). 
118 
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6-1. 


6-1.2. 


6-1 


6-1 


6-1. 


Adding all these expressions, we have 
(n+ 1#—1%#=п-+2(1+2+... 
from which | А Ао" 
1+2 +... +п= [1 + п)? — 1? — n]/2 
= [1 + 2n + n? — 1 — n]/2 = n(n + 1)/2. | 


THEOREM 6-1.2: Y k? = [n(n + 1)(2л + 1))/6. 


k=l 
Proof: Consider the binomial 
(12-39 = 1-6 3х + 3х2 +x, or (1 + х)#— х2 = 1 + 3x + 3х2. 


Let x-l 23 — 13 = 1 + 3(1) + 3(19); 
x=2: 35 — 23 = 1 + 3(2) + 322); 
х= 3: 4% — 33 = 1 + 3(3) + 3(3°); 


х=п:(п+ 1? т = 1 + 3(n) + 3(n?). 
Adding all of these expressions, we have 
(п +19 Pant 3Dk+3 SR; 
k=l k=l 
and therefore 
Skt = [п-+1#—1*—п—3Ўкуз 
k= k=l 
= [n? + 3n? + 3n + 1 — 1 — n — 3n(n + 1)/2]/3 
= [n(n + 1)(2п + 1)]/6. 1 


EXERCISES 


_ 


" 1 к+2 
. Evaluate (a) $2*; (b) > TEE 
k=1 k=3 
2. Prove that $ к? = [n(n + 2/27. (Hint: Start with the binomial (1 + x) = 
k=1 
1 + 4x + 6x? + 4x5 + x4, and work as above.] 


a n 
3. Show that У ca, = c È а, where с is a constant. 
k=1 k=1 


n n Л, 
4. Show that Y a, + X. b = È @ + 60). 
i kei к=1 


[^ 


. Evaluate * k(k + 2). 
k=l 
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6-2 HISTORICAL APPROACH TO THE 
PROBLEM OF AREA FINDING 


In this section we shall 


deal with the 
certain curves. We begin witi 


Problem of finding areas under 
h the intuitive 


у simplest problem. 


f: E — El be defined 
area A of the г 
nd the X-axis, is 


EXAMPLE 6-2,1: Let 
Positive constant. The 
curve, x = 0, x = p а 


Figure 6-2,1), 


by f(x) — c, where c is a 
ectangular region bounded by this 
given by the formula 4 = ср, (See 


Figure 6-2.1 


EXAMPLE 6-2,2; Let f: EL, р be t 


he function defined by f(x) = cx, 
where c > 0, The area of the triangular Tegion bounded Ыш curve; 
x = b, and the x-axis, is Biven by the formula А = ЫРА (Figure 6-2.2.) 
y 


f(x) = ex 


Figure 6-2.2 

EXAMPLE 6-2.3: Let f: EL pi 

The following steps enable us to fin 
6-2.3. 


be defined by f(x) — €X*, where c > 0. 
d the area of the 


Tegion shown in Figure 
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0 b 
Figure 6-2.3 


CALA 


Onn? ов 56 V (ae лр 
п n n n n 
Figure 6-2.4 


Step 1: Subdivide [0,5] into 7 equal subinte 
bjn. 

Step 2: In each subinterval, constru! 
maximum height of the curve over 
length of the subinterval. (See Figure 
these rectangles is: 


T, = сыты") + c(2b/n)} ln) + cB3bln (bln) +... + o(nb]n)*(b/n) 


ebm) Q8 - 22 +") 
= o(b3{n)[n(n + Qn + 1/6 = [cb + 1/Q. + 1/n)\/6. 


Note that T, > А for all n. , 


121 


rvals, the length of each being 


ct a rectangle with height equal to the 
the subinterval, and base equal to the 
6-2.4.) The sum Т, of the areas of 
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Step 3; Consider t 


he sequence Ту, Т, T,...T, 
approaches the are: 


л» +++; аѕ п increases, T, 

а A under the curve f(x) = cxt between 0 and b. That is, 

lim [cb?(1 + 1/5). (2 + 1/7)/6 = [cb*(1)(2)yjg = УЕ 
na 

In order to Convince even the Most skeptical reader th: 

above three Steps can b 


at 4 — cb3/3, the 
€ repeated using Tectangles under the curve. (See 
Figure 6-2.5.) 


4 — lim T, = 


Step 1: Same as before, 
Step 2: In each al, construct а n i ч 
rep à ] €ctangle with heigh h 
minimum height or the curve Over the Subinteryal, and roy ai i vn 
S, of the areas of these Tectanples is: 
5, = €(0)*(b/n) 4. cCbln)? (bln) + bOn ч... 
+ e[(n — 1)b/n]?(/n) 
= с(55/пЗу(оз no LET) 
= e(P*/n? In(n +. 1 
= eb + l/n)(2 
Note that S, < A for all л. 


+ CES) 
Yn + 1уув — nis 
+ I/n)j6 — 1а]. 


“EE Patent ж г зы 


Tom) a 
= п(л + 1)2n + 1)/6 — һа, 
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Step 3: Consider the sequence Sj, So, 53,..., Sm » +» 3 a8 П increases, S, 
approaches the area А under the curve f(x) = сх? between 0 and b. That is, 


A — limS, 


= lim cb? [(1 + 1/n)(2 + 1/n)6 — 1n] = eb°I(1)(2)/6 — 0] = ebj3. 


в о 
EXERCISE 


62.1. Prove that the area A of the region bounded by the curve f(x) = cx? (c > 0), 
x —0, x = b, and the x-axis, is given by 4 — cb*[4. [Hint: Follow the 
procedure of the preceding example and use 13 +22 +33 +... +n = 
[n(n + 1)/2)2. Approximate A by the sum of the areas of rectangles above 


and below the curve.] 


6-3 PARTITIONS AND STEP FUNCTIONS 


b 
Before giving the general definition of the integral f f(x)dx, where 

f: [а,Ь] > E. it is first useful to discuss step functions. s 
Consider any closed interval [a,b] in Е!. A subdivision of [a,b] into n 
subintervals by  — 1 points of subdivision Xy, Xs -+> Хп—1› where a < 


XQ < Xa Xe X Xn < b, is called a partition P of [а,Ь]. 


Symbolically, 
P= {xo Xis Xos ++ +9 Ха-1› xj) 


where x, = a and x, = b. 


а b 
Xo х Хә Ху Ха ---- ^п 


The n closed subintervals associated with P are [xoxil; [хаха +. +» 
[x, x4]. We shall refer to [x ,,x,] as the kth closed subinterval, where 
1 <k <n. Similarly, (хь Xy) is called the kth open subinterval of P. 

A function й: [a,b] > Е! is called a step function if for some partition 
Р = (xo Xo Xn ++ +> x4) of [a,b], h(x) is equal to а constant in each open 
subinterval of P; that is, there exists a set of n constants су, Ce, - - >» Са such 
that h(x) = ¢ for all x € (хь х) k = b 2,...,n. Figure 6-3.1 illustrates 
a step-function. The function h must be defined at each of the subdivision 
points Xo, Xi Xp +++ Ха of P; however, the above definition places no 
restriction on the value of h at these points. 

The "bracket function” f(x) = [x], where [x] is defined as the largest 
integer less than or equal to * is another example of a step function (Figure 
5.1.1). The domain of f may be restricted to any closed interval [a,b]. 
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x х X3 ха b 


Figure 6-3.1 


Where A(x) = P DARE Should be noted 

here that the letter x used for the independent Variable may be teplaced by 

any other Convenient letter Without altering the definition of the integral. 
hat is, 


[o dx = [о dt — || "h(u) du, etc. 


EXAMPLE 6-3.1: Define h: [L5] a as follows: A(x) — 3 if с [1,3/2), 
T2 if x e [3/24], 6 fxe (4,5]. Then 


5 
Í A(x) dx = 33/2 ~ 1) 4 (—2)(4 — 3/2) + e(5 — 


b 
[a,b] given, and evaluate | A(x) dx, 
a 


6-3.1. h: [—2,7]> gi, 


where A(x) = 2ifxe[—o 1) =3 if 
=l if xe [5,7 ore 


2), 4 if x e (2,5), 
6-3.2. h(x) = [x]; [а,Ь] = [1/2,13/2], 
6-3.3. h(x) = |xl/x if x * 0,0if x — 9; [a,b] = 17/21], 
-3.4. h(x) = |222 ~ 2% - 2802 — x — 6) ir ** —2 and E PUR 
А 43) = 5; [ab] = [3,8], * A 
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6-3.5. A(x) = 3[x] — 2|х]/х if x # 0, А00) = 1; [a,b] = [—3/2,2]. 
6-3.6. iri = [2x + 3]; [a,b] = [0,2]. [Note that ^ is the composite of the functions 
= [u] and и = 2х + 3.] 


6-3.7. ae [х2]; [a,b] = [71,2]. 


6-4 SEVERAL PROPERTIES OF INTEGRALS 
OF STEP FUNCTIONS 


Let A: [a,b] — E! be any step function with associated partition P. If P 
is replaced by a partition P' containing all the subdivision points of P together 


with additional points, the value of | h(x) dx is not altered, although some 


a 
of the terms in the series used to evaluate ^h) dx may change. For 


a 
example, if P = (xo, x, Хә... s Xy p Xio +++» Ха) and P! = (хохо 
Keak s Aee sis val contains exactly one more point, x’, then the term 
с(хь — хуз) in the series is replaced by the equal sum 

cy х) + e — xia). 
b 
Consequently, the value of [| h(x) dx does not depend on the partition P. 


We only require that h(x) be constant on each open subinterval of P. 


THEOREM 6-4.1: Let A: [a,b] — Е! be any step function. If r is a real 
number such that a < r < b, then 


[ h(x) dx -[ h(x) dx «p h(x) dx. 
Proof: Let Р = (xo Xy +++» Xm» Хт ++ Xmen} be a partition of [a,b] 
associated with h(x) such ‘that Р, = (NE "T ...,XQ4) is a partition of 


[a,r] and P, = {Xm Хз, ++ +> Xm+n} is a partition of [7,0]. |, h(x) dx = 


min m min Ld 
ао = Sate) +S аба a= | (x) dx + 
kel k=1 k=m+1 a 


Í "hi dx. | 


THEOREM 6-4.2: Let s: [a,b] — E! and t: [gb] Е! be any two step 
functions such that s(x) < f(x) for all x € [a,b]. Then 


I dx < [ Ие) dx. 
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4 ith s) 
Proof: Let P, and P, Tepresent partitions of [a,b] associated ku the 
and /(х) respectively, Let p be the Partition of [a,b] containing "dod im 
Points of Subdivision of both Р, and Р,. Using P to evaluate 
tegrals, we have 


m 
е 
be апу Step function. Asl 
Ty m < h(x) < M for all x€ 


b 
m(b — a) <f h(x) dx S M(b — a). 
Proof: Define Step functions 5: [а,Ь] —› p and г: [a,b] + E! by s(x) Z 
m and t(x) = м for all x e [a,b]. By Theorem 6-4.2, 


[9 dx s [о dx < li Чч) ах 
ог 


b 
m(b — а) <f h(x) dx < M(b — a). 1 


6-5 UPPER AND 


LOWER INTEGRALS 
OFA BOUN 


DED FUNCTION 


rS 
be any bounded function; that 1s, there exist real пшр 
mand M such that m < Јо) < M for all x e [a,b]. The lower integra’ 
от a tob 1S represented by | f(x) dx, and defined as follows 

Let S, denote th 


FL ES 
€ set of aj] Step functions з: [а,Ь] > r1 such that s(xX) 
f(x) for all хє [a,b]. Then 


К dx. Note 

t Sh 4б) SSO) е By сого 

Means the set | Í Mes dx | s(x) € sj 2 
a 


| SQ) dx < M(b — a) This 
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Figure 6-5.1 


b 
Ounded above by M(b — a); hence the least upper bound exists, by the 


с 
Ее: axiom for the real numbers. » 
he upper integral of f from a to b is represented by Í F(x) dx, and 
a 


d Fn 
Nd similarly: Let T, denote the set of all step functions t: [a,b] > Е! 
ch that f(x) > f(x) for all x € [a,b]. 


[ro dx = g.l.b. | | (б) dx | 100) € т}. 


" b 
2n igure 6-5.2, the area of the shaded region represents Í t(x) dx. Again 
ing Corollary 6-4.1, the set ч 


([ dx | (x) € т) 


Figure 6-5.2 
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of real numbers is bounded below 
lower bound exists. a 5 
The upper and lower integrals f(x) dx and | J (x) dx are not always 

a a 

equal, as is shown in the following example. z 
EXAMPLE 6- 


by m(b — a); consequently, the greatest 


5.1: Consider the function 8: [0,1] — E! defined by 
2, if x is a rational number; 
ЕСО Nae dediti 
1, if x is an irrational number. 


Every open interval of the real line contains both rational and irrational 
numbers. Hence, if s(x) is any step function belonging to S,, then s(x) < 1 
for all x € [0,1]. Moreover, if t(x) є T, then 4(х) > 2 forall хє [0,1]. Thus, 


1 1 
few dx=1 and I a(x) dx = 2. 


LJ 
However, it is always true that 


function f: [a,b] — E}, as will be 
We now prove two lemmas n 


[> (х) dx > f f(x)dx for any bounded 


proved in Theorem 6-5.1. 
eeded for Theorem 6-5.1. 


LEMMA 6-5.1: If A is a real 


num 
every positive number e, then 4 


<0. 
Proof: (Indirect) Suppose 4 > 0; then for e — A, the statement А < & 
given in the hypothesis is false. We therefore conclude 4 <0. J 


ber with the Property that A < £ for 


LEMMA 6-5.2: Given any real number ғ > 0, there exist step functions 
So(x) € S, and t(x) e T, such that 


(1) [ie dx -[`м» dx < e/2, 


Я - 
(2) [o dx - [о dx < є]2, 
(See Figures 6-5.1 and 6-5.2.) 


Proof: Part (1): 


b b 5 
[re dx — e[2 <[ dx = 1л, (f s(x) dx | 
This means that [^ (x) dx 


and 


s(x)e s) 


— e[2 is not an Upper bound for the set 


([ 59 dx | s(x) e s). 
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Hence there exists a step function зо(х) є S, such that 
b b 
Í f(x)dx — є[2 <] s(x) dx. 
а а 
Part (2) is proved in a similar manner (Ex. 6-5.3). І 


THEOREM 6-5.1: For every bounded function f: [4,5] > £’, 
b To 
[ro dx <Í f(x)dx. 


Proof: Given any real number £ > 0; add the two inequalities of Lemma 
6-5.2 to obtain 


[е dx - [ro а] + [о dx -[se dx] <e. 


By Theorem 6-4.2, 
b b 
Í 1(х) dx 1 sy(x) dx > 0; 
a a 


therefore 
b To 
[jo dx - [fo dx <£, 
for every e > 0. Now, by Lemma 6-5.1, 
b To 
[ro dx - [fo dx <0, 


and the theorem is established. | 


Turorem 6-5.2: If f: [a,b] > E! is a step function, then 


[ro dx - [ro dx = [ло dx: 


is a step function, f(x) є S, (see definition of 5j). 


Proof: ; 
ELTE ашу x) for all x € [a,b], which implies 


Moreover, if s(x) € Sp then s(x) = K 
b 
[К ах < f f(x)dx, 


by Theorem 6-4.2: Therefore, » 
[roa = e | Í * (x) dx [ s(x) ES) = [o 


"ro ds [09 45 


Part 2, 


is proved in a similar manner (EX. 6-5.4). 
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EXERCISES 


65.1. If f: [a,b]. E1 and р: [a,b] Е1 Iepresent step functions, prove that 
f +g: [a,b] E! is also a step function and 
b b b 
i f@) dx + Í 80) de = f [/G) tg] dx. 
a a a 


6-52. Assuming that f: lab] ЕІ 


is any bounded function, and m and M are 
Constants such that m < f(x) 


€ M for all xe [a,b], prove that 


mb — a) < [ros and Mb ~ а)> | (а) dx. 


6-5.3. Prove Part 2 of Lemma 6-52. 
6-5.4. Prove Part 2 of Theorem 6-52. 


6-6 DEFINITION OF THE INTEGRAL OF 
A BOUNDED FUNCTION 


Let f: [а,Ь] + £1 be any bounded function, If 


b To 
[io dx = Го ах, 
=" a 
then fis said to be integrable on [a,b] and the symbol 


[уо ах, 


| f G) dx and Í Ods. 


Another way of stating that 


Гову, 


b 
is to say “the integral [^ (x) dx exists", The function fis called the integrand, 


the numbers a and b are the limits of integration, and [a,b] is called the 
interval of integration. According to Theorem 6-5.2 


: К every step function is 
integrable; the function defined in Example 6-5.1 is not integrable, 


Sec, 6-6 DEFINITION OF THE INTEGRAL ІЗІ 
LEMMA 6-6.1: Given any bounded function f: [a,b] > E!. The function 


J is integrable on [a,b] if, and only if, for every positive number e there exist 
step functions sọ(x) є S, and t(x) є Ty, such that 


b b 
Í 1(х) dx =) So(x) dx < е. 


(The Riemann condition for Integrability.) 


Figure 6-6.1 


and let ғ denote any positive real 


Proof: Part 1: Suppose f is integrable, 
step functions s(x) є S, and 


number. By Lemma 6-5.2, there exist 
1х) є T, such that 


| "fG) dx - [s ах «e[2, and [s dx -[re dx < &[2. 


Adding these inequalities, we obtain 


b b 
Í (х) dx — | s(x) dx < e. 
a a 
Part 2: Assume that for every £ > 0, there exist step functions s(x) € S, 
апа r(x) є Т, such that 


> b 
|| 1(х) dx =| sy(x) dx < е. 


By the definitions of a 
b 

Í "(дах апа Í Sax, 
j a 


5o(x) є S, implies 


Í RO dx <|[ уд ах 


6 
Chap. 
132 INTEGRATION 

and t(x) e T, implies 


[o dx [у (х) ах. 


Therefore 


[fo dx - [fo dx s [s dx - [se dx < e. 
By Lemma 6-5.1, Р 


[re dx — [ б) dx < е; 


for every e 0), implies 


To 
[io dx -fiw dx x 0. 
By Theorem 6-5.1, z 


Í G9 ах -fio dx =0; 


hence the upper and lower integrals are equal. | 


b 
is continuous on [a,b], then | f(x) 4Х 


a 
function to be integrable on a closed 
continuous on [a,b]). 


THEOREM 6-6.1: If f: [a,b] > p 


exists; (a sufficient condition for 4 
interval [a,b] is that the function be 


Proof: Since [a,b] is a closed and bounded Subset of Ел, the function f i5 


b 
72.6). Therefore both f M di uana [ fo d* 
, by Theorem 5 à 


bounded (Theorem 5 


a 
exist. Moreover “3.1, f is uniformly continuous on [a,b]. 
Let t7 0 be given, and define ta 6/0 — а). By the definition ЕА 
uniform continuity, there exists a 5 >0, depending only upon e’, suc 


that |x’ — "| < implies | f(x’) — fe^) cg ir of points 
x, x e [ab]. Let p — (s dO 


9X»... x be a Partition of [a,b] such E e 
Xe = Xea < Ô for all k, (1 <j < п). By the above property, |f (x^) " 
f< e Whenever x’ and x” belong to the same closed subinterv4 
[хь 1х] of P. 


jl 
[уче ew] of P. By Corollary 5-2 
there exist two fixed points u, € % € [хь_,ху] such that 


х], k=1,2,...,m 


Q) Jv) —f(u) < e, 
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Define step functions s: [a,b] — E! and t: [a,b] — E? as follows: 


Гб), ifxeQu тх]. k—12...,nm 
s(x) = 

f(a) if x =a. 

Го), if x € (хь-12х], К = 1,2,...,п; 
(x) = А 

Га), if x =a. 


Note that s(x) < f(x) € t(x) for all x € [a,b]. Now, 
[ b LAS n n 
ce) dx — Гоа rens — »-) - 2/006. — жы) 
= ўро) Ла — ә) 
к=1 
< Уе — хул) (by statement (2) above) 
& 
= EXC — Xp) = &(b — a) = є. 
k=l 
Hence, by Lemma 6-6.1, fis integrable. | 


6-7 A REMARK CONCERNING 
GEOMETRY 

rable on [a,b] and f(x) = 0 for all x € [a,b], then 

the area of the region bounded by the curve y — f(x), the lines x = a, x = b, 
b 

and the x-axis, is defined to be the value of f(x) dx. (Figure 6-7.1.) 
a 

Integration was motivated originally by the problem of finding area, and 

certainly this is still the most obvious application. However, the reader will 

recall from elementary calculus that there are many other applications of 

integration. For this reason, geometric intuition should be used only to 

conjecture, and all important properties of integration must be established 


by mathematical proof. | 
the sections which follow depict areas which 


_ For clarity, the drawings in 
lie entirely above the x-axis. If, however, f(x) < 0 for all x in the interval 
[а,Ь], the area lies entirely below the x-axis, and the associated integral 


D n 
Í (х) dx has a negative value; that is, 


If f: [a,b] — E! is integ 


b 
the value of | f(x) dx will be the 
a 
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Figure 6-7.1 


negative of the area bounded by the lines x = a, 
curve y = f(x). See Figure 6-7.2, 


If a continuous function f has positive and negative values in [a,b], the 


b 
value of |! f(x) dx is the difference between the area above the x-axis and 


the area below it, as illustrated in Figure 6-7.3. 


X = b, the x-axis, and the 


y 


Figure 6-7.2 


Figure 6.7.3 


6-8 SEVERAL PROPERTIES or THE 
INTEGRAL 


THEOREM 6-8.1: If f: [a,b] > pi ig integrable on [a,b І 
7 b], and т, M are rea 
numbers such that т S f(x) < M for all x € [ab], et s 


m(b — а) = Гло dx < M(b — a), 


(The proof of Theorem 6-8.1 is left as an exercise, Figure 6-8.1 illustrates 
this property of the integral.) 
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Figure 6-8.1 


THEOREM 6-8.2: Let f: [a,b] — E! be any bounded function, and let r 
b 

denote апу real number such that a < r < b. If Í fi (x) dx and jl I(x) dx 
a Li 


b 
exist, then | f(x) dx exists, and 
a 


[409 dx = [| "feo dx « [re dx. 


Figure 6-8.2 


Proof: By Lemma 6-5.2, given any €> 0, there exist step functions 


sı: [a,r] > Е, 
п: [ar] ^ E, 
sa: [r,b] Е, 


and 
ta: [5] > E? 
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such that, for all x e [arr], s(x) < f(x) < f(x), and, for all x € [r,b], 
Sx) < f(x) < t(x), and 


о Года [sey x <ер, 

(2) [ао dx [о dx < e/2, 
b 

(3) Ге dx - [s dx < &[2, 


@ [мә - лода <ep. 


Define Step functions sọ: [a,b] > E! and to: [a,b] — E! by 
51x), if хє [a,r], 
So(x) = | Я 
5,9), if x € (r,b]; 
t(x), if x € [a,r], 
t(x) = a 
1,(x), if x € (r,b]. 


Note that s(x) < f(x) < t(x) for all x € [a,b]. Moreover, by Theorem 
6-4.1 and the definition of So and to, we may write: 


(5) [5 dx = [sco dx + ['эбә dx 
a = fisco ax + f'san, 
(6) Гао dx = [ RE dx + ах 

- [4 dx vfu dx. 


From lines (1), (3), and (5), 


r b T 
[o dx + [ro dx «f $i) dx + eJ2 + [seo dx + e[2 


r 


b 
=| So(x) dx + ¢ < [re dx + € 
By Lemma 6.5,1, " 


[[ dx *[ro dx] гє || fo) dicm 
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for every є > 0, implies 
т b b 
(7) {у ах + [у ах =] f(x) dx. 
a r a 


From lines (2), (4), and (6) we obtain 


[ro dx [re dx > Гао dx — є[2 [s dx — e[2 


b b 
-[ to(x) dx — € > [eas — =. 


Again by Lemma 6-5.1, 


[ro dx — [о dx +] 70) ax] <e, 


for every = > 0, implies 


To л b 
(8) [io dx =] f(x) dx « [ro dx. 
From lines (7), (8), and Theorem 6-5.1 


Í уо) dx tfio dx <[ 70 dx «fro ах 
<T% dx + f о) dx. 


T 
Consequently, | ғо) ах -Í f(x) dx, and this common value is equal 


to [reo [ree 1 


e Mean Value Theorem for Integrals) If f: [а,Ь] > E 


THEOREM 6-8.3: (Zh 
then there exists a real number r € [a,b] such that 


is continuous on [a,b], 


(b — a)f(n = | : f(x) dx. (Figure 6-8.3.) 


b 
Proof: By -Theorem 6-6.1 | fo dx exists. Ву Corollary 5-2.1, there 
Å and v e [a,b] such that fw) <f) < 70) 


-ofa = уо) « e — oro. 


exist two fixed points u € [а, 


for all x є [a,b]. By Theorem 6-8.1, (b 
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Figure 6-8.3 


Case 1: If (b — a)f (u) 


(6 — a)f(o), let r = v, Case 3: Consider (b — a)f(u) < [re = 
© — 470). Let k = ць — ay f) dx; then fu) < k убы). BY 


oin: 


b b 
-Í f(x) dx, let r.— y, Case 2: rf Јо)ах = 


Theorem 5-2.7, there exists а P 


t r in the interval with end points 
u and v such that f(r) = к. Hence f(r) = [| [XS f i nd the 
proof is complete, 1 Toss ral f°) ч + 


6-9 INTERCHANGE OF LIMITs 


" . b 
Up to this point, the Symbol | has only been used when a < b. We now 
define ы * 
a 
|| Ji (x) dx = 0, 
and we define » 


Г dx = -frw dx, (a < b), 


provided f is integrable on [а,Ь]. 
Relating this definition to Theorem 6. 


a b 
[o dx = -fiw dx = ZO a)f(r) = (a — b)f(r). 
Therefore the formula, given in Theorem 6- 


; 8.3, remains valid even if a and b 
are interchanged (on both sides of the equation). Thi alization. i$ 
Stated in the following corollary: q ). This gener: 


8.3, we have 
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CoROLLARY 6-9.1: Let A denote a closed interval with end points a and 
b (where either a — b or b <a). If f: A — E! is continuous on A, then there 
exists a point г є A such that 


b 
(b — af) = se) dx 


A useful modification of Theorem 6-8.2 is given in the following corollary : 


ConoLLARY 6-9.2: If f: [a,b] — Е! is continuous on [a,b], and ry, rs, 
rs € [a,b], then 


[уо ах = уе dx [re dx, 


regardless of the relative order of гу, rs and rs. (To prove Corollary 6-9.2, 
one should consider all possible cases of relative order of the three points 
Tis Fa and rg; i.e., 71. < T2 S T 7s <r, € rs, and four others, and use Theorem 


6-8.2.) 
EXERCISES 


6-9.1. Prove Theorem 6-8.1. 

6-9.2. Prove Corollary 6-9.2. 

6-9.3. If f: [ab] > Е! and g: [a,b]—> E! are integrable on [a,b], prove that 
. f +g: (abl E is integrable and that 


| FG) dx + [ qo) dx = Í уо) + £691 dx. 


[Hint: Use Lemma 6-6.1.] 
6-9.4. If f: [a,b] Е! and g: [a,b]—> Е! are integrable on [а,Ь] and f(x) € 00) 


b 
for all x € [a,b], prove [ro dx € | g(x) dx. 


b 
E! be any bounded function. Prove that if [ f(x) dx exists, 


6-9.5. Let f: [a,5] —> 
a 
ie, wherea € S 


"f GO dx exists for any subinterval [71,7%] of [a,b]; 
rem 6-4.1 and Lemma 6-6.1.] 


then 
res b. [Hint: Use Theo! 


6-10 INFORMAL REMARKS ON 
INTEGRATION AND 
DIFFERENTIATION 

> 1 В ГУ " 
Although we have proved that f ГО) dx exists if f is continuous on [a,b], 


s H ГУС 
it is usually quite difficult to evaluate this integral using only the definition. 
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We shall use 
technique. 


Consider the areas of the regions in Figures 6-2.1, 622, and 6-2.3 studied 
at the beginning of this chapter. In these examples, replace the letter “Б” by 


“x”, to obtain: 


geometric intuition for the Conjecture of a possible evaluation 


1. TEf(@) = c where с > 0, then A(x) = cx. 
2. у) = exes 0, then A(x) = ex2/2, 

3. Iff) = €X*, с> 0, then A(x) = ex3[3. 
(See Figure 6-10.1.) 


The important observation here is that 


fx) = ex?, to x, where a < x < b. Is it 
= f(x)? This question 
affirmative, and the following 
is an intuitive “proof”: 

o x Consider a change Ax in the variable x, and 
Figure 6.10.1 let AA be the Corresponding change in area 
(Figure 6-10.2.) (For this informal discussion, 

M equal the maximum Value of fin px x 4 Ax] and 
m value of f in bs x + Ax]. Now, by comparison of 


assume Ax > 0.) Let 
m equal the minimu 


Figure 6-10.2 
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areas of rectangles having [x, x + Ax] as base, with AA, we obtain m Ax <. 
AA < M hx, orm < ЛАЈАх < M. As Ах — 0, it must be true that m — f (x) 
and M — f(x) by the continuity of f; hence the quantity AA/Ax, bounded 
by m and M, approaches f(x) as well: 


ПАС) _ iy A4 = уу). 
dx Az+0Ax 
Thus, if the curve f(x) is given, in order to find A(x) look for a function which 
has a derivative equal to f(x). It is also necessary that the area function have 
the value 0 at x = a. 
The foregoing informal remarks will be used as a guide for a careful 
presentation of a similar result relating to integrals in general, given in 
Section 6-11 as “The Fundamental Theorem”. 


6-11 THE FUNDAMENTAL THEOREM OF 
DIFFERENTIAL AND INTEGRAL 
CALCULUS 


Let f: [a,b] — Е! be any function which is integrable on [a,b]. The value 


b 
er f ҒО) dx depends only on the function f and the limits a, Б of integration, 


a 
and not on the choice of the letter representing the independent variable. 


Although x has been used extensively, another letter would serve equally 


well. Note that 
Tb b 
[уо [ros 


dx, were defined in terms of step functions, and we 


24) that the value of the integral of a step function 
er representing this variable. Thus, 


b 
and consequently j Јо) 


a 
have observed (on page 1 
is independent of the choice of the lett 


[е ux [уә du = [ro dt, 
, 


etc. It is even acceptable to express ап integral in the abbreviated form | f. 
в 
If a function f: [a,b] _ Еі is integrable on every closed subinterval of 


[a,b], then we can define a new function С: [a,b] > E! by 


G(x) - [1 du, wherea € x <b. 
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f J(u) du is called an indefinite 
integral of f. We avoid the notation T (x) dx, Since the letter x would have 


integration ang the upper limit. It is 


The upper limit of integration is a variable; 


a 
two separate meanings, the variable of 
z 
acceptable to write G(x) = Í p: 
a 


THEOREM 6-11.1: (The Fundamental] Th 


orem): If f: [a,b] > E1 is con- 
tinuous on [a,b] and G(x) = Í fq) du, the 


n 


D.G(x) = f(x), 
Proof: 


Р.00) = lim С + №) — G(x) 
һ-0 h 


+h z 
Fw) du — reu) au 
= lim Со ==» 
ħ=o h 


ch 
Уби) du 

= lim Ten ; by Corollary 6.9.2 

hoo 

im ^f) 
Slim= h Corol -9. 

Am h у Corollary 6.9 1 

where г belongs to the ci 


losed interval With endpoints xand x + л. Now, 
because of the location 


ofr, h—>0 implies r _, x. Hence 
im Mr). 6 
lim “Ww == = == Э 
Шз lim f(r) lim f(r) = ууу, 
the last quality holds because of the Continuity of ТАШ | 


6-12 PRIMITIVE FUNCTIONS 


Given two functions F: [a,b] + an 


i Е! and f: lab] > Et. p is called а 
primitive of f if D.F(x) = fi (9 for all x e [a,b]. The following is a restate- 
ment of Theorem 5-72. 


"THEOREM 6-12.1: If Е: [a,b] ғ 
function f: [a,b] > E1, 
x [a,b]. 


and G: [а,Ь] — Ei 


are primitives of à 
then, for some constant C, F(x) 


— G(x) — C, for all 
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; THEOREM 6-122: If Е: [a,b] > E! is any primitive of f: [a,b] — E!, and 
if f is continuous on [a,b], then А 
b 
F(b) — F(a) -Í f(x)dx. 
a 
Proof: By Theorem 6-11.1 and the hypothesis of the present theorem, both 
2 
f(u) du and F(x) are primitives of f(x). Hence, by Theorem 6-12.1, 
F(x) — | f(u)du = C for all x € [a,b]. Now С = F(a) - [7€ du — 
F(a); therefore F(x) — Fla) = || F(u) du. Let x = b to obtain 


Fb) — Fla) = f " Flu) du = | fa) ах. 1 


Theorem 6-12.2 states that the integral of а continuous function may be 
evaluated by any primitive of f. However, this evaluation technique should 
not be regarded as an alternate definition of the integral. 

5 
EXAMPLE 6-12.1: Evaluate by Theorem 6-12.2: Í Vx + 4 dx. 
0 
Since F(x) = &(x + 4)” is a primitive of f(x) = Ух +4, 
ушшш 
Í Jx + 4 dx = Е(5) — F(0) = 3(27) — &(8) = 38/3. 
0 
The following properties of the integral may be established using the 


Fundamental Theorem: 


Tueorem 6-12.3: If f: [a,b] — Е! and g: [a,b] — Е! are continuous on 
[a,b], then 


b b b 

1. f f(x)dx +f g(x) dx -Í [f 69 + £62] dx 
b b b 

2 [jas || ку -[ f(x) — &G0] dx 


b b 
3. ef f(x)dx =f cf (x) dx, for any constant c. 
a a 


Proof: Part 1: Let 
F(x) = [1 du, G(x) -Í g(u) du, 


and 


H(x) = f "[fG) + g(u)] du. 
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By Theorem 6-111, Р.[Е(х) + G2] = D F(x) + D,G(x) = f(x) + g0) 
and D,[H(x)] = Јо) + g(x). By Theorem 6-12.1, [F(x) + G(3)] 
A(x) = c, Now, C = 


= 0; hence F(x) + G(x) = 
A(x) for all x e [a,b]. At x = b, БФ) + Gb) = H(b), or 


b b b 
[ du +f &(u) du =f [/(и) + g(u)] au. 


Finally, we replace џ by x to complete the Proof of Part 1. 1 


The proofs оғ Parts 2 and 3 are left as an exercise, (Ex, 6-13.1.) 


6-13 CHANGE or VARIABLE 
OF INTEGRATION 


Let 4 denote a su 


bset of Ei Тү 8: [а,Ь] — А ang J: A — E then 
Je: [ab] — ғ is a well defined co; 


Mposition. (See Figure 6-13.1.) 


X - axis 
(Е! 


U-axis -axis 
(Е?) d 
2 U= g(x) А уз, 
y g Y= Ки) 
Figure 6.13.1 


THEOREM 6-13,1; jf J is continuous on A and if 8'(x) exists and is con- 
tinuous for all x € [2,5], then 


a(b) b 

wO = | ecole a 

Proof: Note that all points between &(a) and g(b) 

522. Let du) = | 

ota) ola) 

u = g(x) to obtain $[g(x)] = Í 

ferentiation and the 7 
Dz $[g(x)] = Di d(u)- D.g(x) 

D(x) =f [e(x)]e’(x), 


Now, since $1g(x)] and V(x) have the 
C, for Some constant С, 


=f) g'(x) — f [g(x)] в'(х); 


same derivative, d[g(x)] — у(х) = 
In Particular, 


C= Фау) — (a) = ИА а -Ѓлеоео dt = 0. 
ola) a 
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Thus, ¢[g(x)] = p(x), or 
glz) ied 
[оа [КО 
000) b 
MUS [ "ло mE Í flg(Olg (t) dt. The letter t representing the 


gia, a 
variable of integration may be replaced by any other convenient letter 
without changing the value of the integrals involved. Replacing by x, 


the proof is complete. | 


2 
EXAMPLE 6-13.1: Evaluate | xv xt + 3 dx. 
1 
TS g(x) = x? + 3 and f(u) = Vu; then g'(x) = 2x, f[g()] = vx? + 3, and 
2 
хух + 3 йх = aaf f [g(x)lg'(x) ах. By Theorem 6-13.1, this becomes 
1 


Б 002) 7 = 7 
amf Ји) du = amf Vu du = (1{2)(2]3)гЁ%| = (1/3)(73/2 — 8). 
gQ) 4 4 


EXERCISES 


6-13.1. Prove parts 2 and 3 of Theorem 6-12.3, using the Fundamental Theorem. 
6-13.2. Evaluate the following integrals using Theorem 6-13.1. In each case, state 
which functions g(x) and f(u) are used in the evaluation: 


2 2/2 
x? Vx? + 2dx e. Í (x? sin x cos x + x sin? x) dx 


a. 
0 


1 


zl; $ дагыга 
b. Í "intxcosxdx f. [vem 
0 1 
1 4 
c. [ее + 074 Е. [ч + 2x dx 
0 1 


1 
d. || x? cos x* dx 
0 


6-14 APPLICATION 
ication of integration which does not 


Tn this section we give a simple appl а 
blem of finding the volume of solids 


relate directly to area. Consider the pro 
bounded by a surface of revolution. " 
that the volume V of a right circular 


In this discussion we shall assume 
cylinder is given by the formula V — arth, where his the height of the cylinder 
and r denotes the radius of the base. 

Let f: [a,b] — B be a continuous function where B represents the non- 


negative real numbers. Let S be the surface generated by revolving the curve 
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original distance from the x-axis, (The surface S is given by the equation 
J? + Z = [f(x)}*.) Consid i 


x—aandx—p (Figure 6-14.1). Let M 

function f(x) on the interval [a,b]. Then, 

functions s: [a,b] > [0,44] and г: [a,b] + 
b 

and re) dx — | s(x) dx < £, by Lem 


x € [a,b], it is clear 5(х) and t(x) can 
0 x (x) < M.) 


ma 6-6.1. (Since 0 < f(x) < M for all 
be chosen so that 0 < s(x) < M and 


Figure 6.14.1 


Figure 6-142 


about the X-axis 


Bure 6-142. Let 
be a partition associated with s(x); 


let s(x) = C in the kth subinterval, 
ОМО the sum of the volumes of th 


If the graph of s(x) is revolved 


» We obtain a set of right 
circular cylinders, as Shown in Е; 


=x, Xp Xos. -s Ха 


inside K, | zs) dx S V(K), where (К) 
а 
Similarly, it сап be shown that 


0 Ss(x) € f(x) < t(x) imply ms?(x) 


represents the volume of K 
т) dx > V(K) The inequalities 
< пх) < mt?(x); hence 

ej. s(x) dx < Гло dx < nf Pe) dx. 


Now 
b b 
r| Pax "(уау = B6) — ste us 
Я | 
= af бб) + хуу) 


—s(3)dx <r (ому) — s(x)) dx 


= 27M [ [ч dx -f dx] < 2rMe. 
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Р 1 à > 
Since both V (K) and «| ух) dx lie between af s*(x) dx and «| t(x) dx, 
Д follows that a a a 


væ — [ғә " < 2тМє 


or 
mt 2 =. „ло dx| < 
2тМ a 
f b 
Ог every e 0. Thus, V(K) = "f збх) dx. 
a 
6- 
15 DOUBLE SUMMATION 
Consider a rectangular array of real numbers: 
d, di @з ат 
dg аз Оз а 
азу Оза Cus co азт 
алі Gna пз Anm 


The sum of the elements in the ith row üziznis given by 


DEPT uia 
T ia 

he double summation 
n/m m m A 
3 (Eau) => 4a; + TES + ам 
i =1 \j= j=l = 
Is Obviously the m E all elements 4;; in the rectangular array. Note that 


п [т т [ 1. 
> ( > au) - $2») 
i {=1 \j=1 EUST Je 
Since the sum is independent of the order in which the individual numbers E 
Added, For brevity, the parentheses are usually omitted in expressions О 
9uble summation. 


6. 
16 STEP FUNCTIONS DEFINED ON A 
RECTANGLE 
n Let R denote a closed rectangular region of the xy-plane yen мп 
ines х а x —b, у = c, and p= d 85 shown in Figure 6-16.1. Consider 
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Partitions Р, = {у Xy...x,) and Р, F 
Do. Ym} of the intervals [a,b] an 


the points of P,, then R is subdivided into 


d igure 
Smaller rectangles Куу, as shown in Figu 
Figure 6-16.1 ату Res (ex c-r: x, and 
Jia < У «y and let Ra = (Gy) | x 


ii Sy <x; and Vas s 
Define || to be the area of R,,; that is, [Ril = (x, — XC), — урл); als 
define |А] = (6 — ayq — с). 
A subdivision of R of the type just described will be called a partition of. R x 
The rectangles R, are called subsets of the partition. The partition itself is 
often denoted P=P x B. 


Figure 6-16.2 


b. R — E! is called а Step function on р if there exists a pat 
tition of the Tectangle R Such i 


ts с, such that Aca, Y) = cy wh im 

dditiona] Property that A(x,y;) b- 

m ines y — y, of 80 n 

») be a step funr 

Ines x = x of Subdivision of $> 

11, aeyn). When de ining a Step function h(x,y) it is often 
ual a constant 9n all such lines. See Figure 6-16.3. 


:J) аА of a Step function h: R— E1 is defined by 
* n m 

Piesa- Ё Rel — ay, 

R 


ii ja = Уа) 
п т 
=> > с, [Riz]. 


i=1 j=1 
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Figure 6-16.3 


rtition P is replaced by a 


ту 4 
he value of a double integral is not altered if the pa: 
of P together with ad- 


rae P' containing all the lines of subdivision 
lonal lines parallel to the coordi- 
ate axes, 
te The definition of the double in- 
eral of a step function will now 
elated t i inte- 
ration. o repeated single in 
des X be any point in the ith open 
ste Interval of partition P; ; А05) isa 
С р function of the single real vari- 
j ue Y, and A(, y) = cy if y € Qj-1?» 
1, 2,..., m. Consequently 


a 

f^» dy — x су; — ys) 
Gee Figure 6-1 ree Define g(x) = “(х,у) dy for all x є [a,b]. Note that 
8: [а,Ь] + Ез is also a step function, since it remains constant on each open 
= Sed Dye dA 


Figure 6-16.4 


Subj .,n,tihen 
binterval of the partition Pi. If u; 
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g(x) = u; for all x e (х,_1,х;). Therefore 
b n 
f Loo. y] dx = [куак = щщ — x.) 


n m 

=> [340, = эе, =з) = ffic» dA. 
i=1Lj=1 Б 

This result is stated as a theorem for reference: 

THEOREM 6-16.1: ІА: R> pij 


is any Step function where R =(0) |45 
b d 
* XSbandc <y S d), then f [f 
a 


| h(x,y) «| dx — | | (х,у) dA. 
R 


EXERCISES 
616.1. Let R = (xy) 19 < E 
Р, = (5,6,7,8,9) be Partitions of [0,3] and 15,9] respectively. Бей 
Step function 4: К Ei by Ay) = [х][у], where Р = Ру x Py. ( 
definition of the “bracket function” 


a. Evaluate ffe» 


R 
b. Tabulate the Values of р(х) — Í Mey) dy. 
b 


6-162. If s: R—> E! and r; R— pi 


are step functions Such that s(x, 
all (x, у) ER, Prove that [| 


У) € t(x,y) for 
[Ee dA = || (х,у) dA. (See Theorem 6-42) 
R R 
6-16-3. If A: R gi is any Step function Such that (х,у < м for all (x,y) e №, 
where M is a positive Constant, prove that 


-M|R| < IL dA x MIRI- 


FUNCTION 


Given any bounded function ЈК ра 


and c < y < d) and Ие, < M for al] 


Where g — {y)|a <x <b 
all step functions s: R E! such that 


(y) e m. Let S, denote the set of 
SOY) < у(х, 
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l 
fe T, represent the set of all step functions f: R— E! such that (х,у) > 
»Y) for all (x,y) є R. Define the lower and upper integrals of f as follows: 


I f(x,y) dA = |К ) dA | s(x, y) є s) 
R R 


and 
[[ ле» dA = g.l.b. е» dA | t(x,y) € т). 
R R 


B 
Oth of these integrals exist since f is bounded. 
foli he next lemma and the subsequent two theorems can be proved by 
Owing the patterns of proof given in Lemma 6-5.2, Theorem 6-5.1, and 
heorem 6-5.2, 
3 LEMMA 6.17.1: Given any number ғ > 0, there exist step functions 
oy) є S, and гох, y) є T, such that 


(1) fie» dA -ffs dA < &[2 
and R 5 
E | j КОЧА I fey) dA < 2, 
R R 
THEOREM 6-17.1: For any bounded function f: R — Е! 


I f(xy) 4А =] f(x,y) 4А. 


R 
THEOREM 6-17.2: If f Ro Еі is a step function, then 


ое» dA -ff re» dA -[[» dA. 
т R 5 


x A simplified notation for the subsets of a partition Is often useful. Double 
“scripts, together with double summation, were needed to prove oe 
a only. If P is a partition ofa rectangle R, then Bs ru is er ДЕ 
Sets determined by P in апу convenient order to obtain Аз, ^» Y өз ea 
ете п denotes the total number of subsets defined by P, and not the number 
9f subintervals on the x-axis.) If h: R —> piis a step function and P is the 
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associated partition, then the consta: 


nt values of / on each subset R, can be 
denoted c,, (k = 1, p 


п). Using this notation, 


h(x,y)dA — > €, |R;]. 
k=l 


R 


6-18 DEFINITION OF THE DOUBLE 
INTEGRAL OF A BOUNDED 
FUNCTION 


Whenever i /(х,у) dA ={] L(y) dA, we Say that / is integrable on К, 
= ri 


9r equivalently, “the double integral exists”, and the symbol I Ју) 44 
is used to denote this common value, 
So far, double inte 


R 
sen defined on rectangles. NOW 
Suppose f: D — El, whe i 
(D) is bounded. Let q — Blb. (x | (x,y) e D), b= lub. (x | Œy) € Dh 
c = Bb. (у | (xy) e р}, andd — Lu.b. (y | (xy)e D). Let = (х,у) |a € 
х Sbandc <y <q}. obviou Rp. Define f: Rp — E! by 


Dif (x, 
ay. NM ер 


0 if (x,y) €Rp—D 
Also define 
[| f(x,y) dA = (| Jy) dA 
D Rp 
and 


f (sy) dA fre» dA 


By Theorem 6-17.1, [ле 


J) dA = [| roy dA. If equality holds, then 
D D 
we say that f is integrable o 


n D and the double integra] [ren dA exist 
D 


LEMMA 6181: ff fy da ( 
D 


or, equivalently, ff Fy) а) exists if, 
and only if, for every real number £ > Q there exist Ше oni M 


1 
0: Ер Ё 


5 
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and tj: Rp— E}, where so(x,y) € f(xy) < (х,у) for all (x,y) € Rp, such 
that [face ) dA — || зо(х,у) dA < €. 
Rp 
(The proof of this lemma is similar to the proof of Lemma 6-6.1, and is ' 


left as an exercise.) 


EXERCISES 


6-18.1. Prove Lemma 6-17.1. 
6-182. Prove Theorem 6-17.1. 
6-18.3. Prove Theorem 6-17.2. 


6-18.4. Prove Lemma 6-18.1. 


6-l9 THE DOUBLE INTEGRAL OF ^ 
CONTINUOUS FUNCTION 


Let D be a closed and bounded subset of E^. The 87 of all boundary 


Points of D, designated B(D), is said to satisfy the Riemann Condition if, and 
only if, for every e > 0 there exists a partition P of Rp such that the sum of 
the areas of all open subsets R,; of P which intersect B(D) is less than ғ (see 


Figure 6-19.1). 


Figure 6-19.1 


Тнковем 6-19.1: Assume D is à closed subset S o XE Me 
У = х), у = р(х), and lines ou anand X с к е» 
8: [a,b] MT f. Macte functions and fe <eo) oH all x e [a,b], 


then B(D) satisfies the Riemann Condition. (Figure 6- 
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d 
The proof of this theorem is left to the reader, (See Lemma 6-6.1, an 
Figure 6-6.1.) 


1s a closed and bounded subset of 2 such 
t B(D) satisfies the Riemann Condition, If f D+ Fis Continuous on 


Continuous on D, (Theorem 5-3.1.) This impie 
that it is possible to find a partition P of Rp such that if points (x, y^) an 
he same Closed subset of P, then 


Fey —fG y" < v. 


tal area of all Open subsets of 
Ss than e' (the Riemann Condition). WS 
f Rp which contains all of the lines Qr 
Subdivision of both p nd P’, Sin pj; ation for the subsets of P 
will be Used, that is Single Subscripts. It is 
en subsets which intersect 
that p^ Pers --., R, are all the 
s by P", ang that Р, A BD) ¥ Ø if and only 
ifl<ke< q- Note that Since р” contains all the lines of subdivision of 
9 
TE > IR, < e. 
k=1 


For each closed subset R, of p" which lies entirely in D, let (3,55) and 
(2.7) be two points of К, such that JG s. 


*J9 S f(x, y) суе 5.) for all 
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(х,у) є R,. (Corollary 5-2.1.) Since P" contains all the’ lines of sub- 
division of P, f ($$) — f Gi». ў) < =. Define step functions s: Rp > E! 
and t: Rp > Е! as follows: 
s(x,y) = & for all (x,y) € Ry where 
01А, < Rp — Р, 
&= —M if R, ^ BD) # 2, 
(х) if Re c D — B(D). 
Also define s(x,y) = М if (x,y) lies on a line of subdivision of P". 
1(x,y) = & for all (x,y) € Ry, where 
Oif R, c Rp—D 
&= Mif Ry ^ BD) 5 @ 
Goh) if = D — BO) 


Also, let (x,y) = M if (х,у) lies опа line of subdivision of P”. 


Notethit 4% = 0 if Ry e Rp — D, 
& — & = 2M if Ry A BD) # 2,1 <k<q 
<р — ВО) 
апі 
(х,у) < f(y) < 1(x,y) for all (х,у) € Ер. 


Now 
= =} —S&IR 
е» ад Је» dA i IRxl 2, e [Ril 
== (ё, = &) ЇЕ, 
k=l 
з. 9 Ж п d č 
-ie WIR 5 (6 — A Ra 
=ўомы + PL 


a n 
ү? 'Ş |R 
= MÈ ІА, uL +l 
| = QM + IRple' = =. 


< 2Me + ё IRo 


Therefore, by Lemma eis. fJ f(x,y) 44 exists. 
D 
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6-20 THE EVALUATION or DOUBLE 
INTEGRALS 


The statement of Theorem 6-16.1 relatin c 1 
following more general question: “How does repeated integration 


b fa 
Í f FEY) dy dx 
a Jc D 
compare in value with the double integral f f(x,y) dA = I S(x,y) dA for 
Rp D $ two 
an integrable function f: D— E? In Order to Study this question, 
Preliminary lemmas will be given, | 


LEMMA 6-20.1: Let f(x,y) be a function defined on a subset; D of Ше 
Xy-plane. If fis Continuous at a point (хь) of D and if every neighborhoo 
of (xy, yo) contains other Points of p o 


n the line y = y, then the| function 
f xo) of the Single variable J is also Continuous at 


Proof: Since /(х,у) is со 


Jo 


ntinuous at (х,у), given any e > 0 there exists 
а ô> 0 such that KEY) (ху) < б implies | f(x,y) — Гоо) < E 
Now if ly — Jol < 6, then 


UX), Qi yg) = Уб» — xt 4: (y — Yo)? 


Hence Ifi (xoy) z Go, yo)l < е, 


LEMMA 6-202: If f: [а,Ь] ~ р is a function of a single real variable x, 
Where (1) fis Continuous on a closed i 


subinteryal [rur] of [a,b], (a < r, < 
Ta < b), and (2) f(x) — 9 for all x c [а,Ь] — [rung], then f'y (x) dx exists and 
is equal to [ TO ах. А 


= ly = yol < ô. 
» and the lemma is established. | 


Proof: Since fis Continuous on [rrj], 


Given any real number ¢ > 0, 


the integral Y (х) dx exists. 
, there exist st 
t: [rar] ға such that Sx) < f 


ep functions 5:' tıra] — E! and 
SI@) < t(x) for all x e [r,r] and 


Ге ах -fw dx < e, 
(Lemma 6-6.1.) i 


Define Step function 5: [а,Ь] —› gı and f: [а,Ь] > Et 


_ [ОЭ хє [rira], 
a | 0 ifxe[gp. 


as follows: 


Ir. al, 
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and 


t(x) if x € [rara], 
+ -| 0 if xe [mb] — 1%]. 


Directly from the definition of the integral of a step function we obtain 


[з dx - [e dx and [ do) dx = f KO dx. 


Note also that s(x) <f() = i(x) for all x € [a,b]. Now, 


[ i(x) dx =P a(x) dx = || К ах -[5e асе 


b H 
Therefore | f(x) dx exists, by Lemma 6-6.1. 
a 


Since both m 
Í "fG)dx and [e dx 


are bounded by 3 
| "җхуах and | i(x) dx 


or, equivalently, by 
| "yx)dx апі Го dx 


it must be true that 
LE 


| [e - [yo 
for every = > 0. Hence 


Í j f(x) dx =f" f(x) dx. 1 


THEOREM 6-20.1: Let D be а closed subset of m ip UT P 
curves p — р (x), y = во) and lines x = a and X = , where 21: [4,0] > 
and g,: [a,b] > E are continuous, and (Хх) < ga(x) for all x € n Let c 
equal the minimum value of g,(x) and d equal the maximum value о 809) оп 
[a5], so that Rp = (x) |a <x «^ and с SY zdj.lf f: D- E is 


Continuous, then  ; 


[| ie» dA =| [ [ven | dx. 


D 
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; : e 
E [a,b] be any fixed value, Now f(x, J) is a function DAT 
Teal variable У, Which is Continuous for al] Y such that 81%) < y < gal d]. 
mma 6-20.1), and equal to 0 at all other Points in the interval [c, 
Hence, by Lemma 6-20.2 


By Theorems 6-19.1 and 6192, f y 

D 
According to Lemma 6-18.1, there 
t: Ro — E! such that s(x, y) < F(x, 
а) 


аге step functions s. Rp — E! and 
У) S (х,у) for aj (x,y) € Rp and 


(x,y) dA — [| S(x,y) dA <>. 
By Theorem 6-16.1, E. d 


| l i о,» ay dx = f ll S(x,y) dA 
Rp 
Ife. ) о] dr [| Il (х,у) da. 


Rp 


n Ге» dy | d “(жу 4у\ах<е, 
cue (ny) S fy) < цу, 


:J) and S(x,y), (х,у) are Step functions for 
xed хє [a,b], we have 


and 


Thus 


d 
(3) f S(x,y) dy < f F, J) dy < Ji "x, y) dy. 
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By the discussion preceding Theorem 6-16.1 (see pages 149-150) both 
d 

f: s(x,y) dy and | 1(х,у) dy are step functions of the variable x, where the 

domain of definition is [a,b]. Hence, by lines (2) and (3) and Lemma 


6-6.1, the function { f(xy) dy of x is integrable on [g,b]—that is, 
If foe) 2 dx exists. Moreover, from statement (3) and the def- 
a с 


b 
inition of f we have 


| T [sen ay] а= Ге» ay| dx < fT Гела 
Conšēquéntiy, both 


[ Toe] dx апі Í f») dA 


are bounded by | | s(x,y) 4А and fe dA. p and line (1), imply 


| ] Fly) dA — [ [ [Fen ay] а |< 
for every real Santer e > 0. Hence 


[оаа 
I Fenda - [ [fs dy) dx 
П] f(x,y) dA = J оу) 4А, 


the proof is complete. | 


Since 


ConorLARY 6-20.1: Under the conditions given in Theorem 6-20.1 


ff^ (x,y) dA = f | Í 4 уо, T dx. 
D 


Proof: By Lemmas 6-20.1 and 6-20.2, 


[ema - [D jena - Co sendy 


for every x є [a,b]. Substitute ie fes) dy for if J (x,y) dy in the for- 
glz) 


mula given in Theorem 6-20.1. | 


hap. 6 
160 — INTEGRATION em 


The following corollary is established by merely interchanging the roles 
of x and y. 


CoROLLARY 6-20.2: Let р be à closed subset of the xy-plane Fu. 
by curves x = g,(y), x = 82(y), and lines y = с, У = d, where рү: [c,d] > j 
and gz: [c,d] — E! are continuous, and An) < 82(y) for all y € [c,d]. Let ү 
equal the minimum value of 21(у) and b equal the maximum value of g,()) 0 


[cd]. Then Rp = (yam, and скука. If fi р> Ei is 
continuous, then 


[уса ~ f | есе) а dy. 


m sily) 
The double integra 


1 can be used to find the volume of solids. This is the 
most obvious applicati 


ion (see the definition of fp. 


2 


2=7-3х2_уг 


EXAMPLE 6-20,1 : Find the volume 
9f the solid below the surface 2 Е 
— 3х2 — y* and above the close 
region D of the ху-рјапе bounded Py 
x the curves У = 2х and y = 2x%, а 
Shown in Figure 6-20.2, 


Figure 6-20.2 


Method 1: Let 
and b = 1, No 


[fro dA 
D 
rea] - tre 
1 


QU 7 3 — уу ay] dx 


810) = 2x? and g(x) = 2x; f(xy) =7 — 3x2 y; a= 
w 


2z 


=J- (7y — 3x8y — ШЕЖЕ? 
0 22% 


1 
=f (14x — бхз _ 8x3/3 — 14x? 4 бул + 8x*/3) dx 
= [x* — 3542 = 2x4/3 — 


14х23 4 6х5/5 4. мүл = 367/210. 
iJ 
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Method 2: Let gy(y) = У and £0) = Мур; fes) = 1 — 93 — 5 с=0, 
d=2, 


| S(x,y) dA 


D 


reos 


=н; —3х*— y) ax] dy 
о L¥y/2 


2 Yia 
-Í Ux — x? — yx] dy 
9 ›/? 


= Јо — yw yn — У 


= 367/210. 


з 5 — 1012) + #18 + y°/2) dy 


EXERCISES 


6-20.1. Prove Theorem 6-19.1. 


i 1 the xy-plane 

$202. Evaluate | fe» dA for the following closed regions D of the xy-p! 
d functions f: D— Е ы 
ti P : ү о ; 

5 Dis ae byy = ang ERU e» 3 Й $4 m 

b. D is bounded Буу AE 255 дай Qf the xy-plane Каса by 
x L9, y — 0, and 4x* + J^ = d i aah, "m 
жн je pau Й zi " of E? and let f: K — Е 
Project: d and bounded su 
roject: Let K denote а close! ael Ж Pein of top 


be a bounded function. Carefully 
дата method of evaluation. Follow 


functions of three real variables ү fi 
the pattern given for double integras- 


apo 
1-74: = (6а): 5 таре SRS {a, b}; S — К = fe f]; RAS 
toa UT = USAT =o, К-т. {e, f}; RESTE (e f). 
1-73: Subsets of s. 


* Ø, Si; subsets of $,: о; {1}, (2 e, + Sei subsets of 53: Ø, {1}; 
QJ, (3), 41, 2), (1,3), 02, 3), Sy; 


Subsets of Zp W {2}, (3), (4), (1, 2} 
{1, 3}, (1, 4, e, i ü 4), (3, 4), 2, 3), (1, 2,4 4}, ( ›3,4}, (2, 3, 4}, 5; 
S, = (1,2 2/37. >n} has 2" Subsets. 
1-7.4; 
B 8 B B 
A A A А 
С С С E 
9. (AUB) nc b. 40(6пс) ©. (4-8) пс d. 4- (пс). 
8 8 B B 
Sb @. @, е, 
С С C C 
€(AnBug o (4-B)jug | (408)-с S (4ng)-c 
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Only sets & and / are equal. 

1-7.5: Proof Reason 
MA EE E А25 
1. Let xe(4 - В) ^C Arbitrary choice 
2.x€A — BandxeC Definition of © (1) 
3. xeAandxé B Definition of — (2) 
4.x€BOC Definition of ^ (3) 
5.x€A —(BnC) Definition of — (3,4) 


Let A = {1, 4, 5, Th B = 0,46 7, C = {3, 5, б, 75 
then (A — B) ^ С = (5) and 4 — (В ^ С) = {1,4,5}. 


Reason 


1-7.7: Proof 
Proof hi e PE ae ро 
. Let xE(A — B) (A — C) Arbitrary choice 


1 

2.xeA — Вапіхє4 — С Definition of (1) 
3. xe A, x € B, x €C Definition of - (2) 
4 Definition of ^ (3) 
5. 


Definition of — (3,9 


Let A = (14,5, 7}, В 


= {2, 4, 6, 7}, С = (3, 5, 6, 7}; 
then (4 — B) ^ (4 = С) = 


(I and 4 — (BOC) = 14 5). 


1-7.9: Proof Reason 
1. Lt xeA (ВУ О) Arbitrary choice 
2.xeAandxEBUC Definition of ^ (1) 
3. xe BorxeC Definition of У (2) 
4. xeA n BorxeC Definition of © (2,3) 
5.xe(An B)" C Definition of U (4) 
Take A, B, C as in 1-7.7; then A ^ (B V С) = (45, 7) and 
(ANB) UC = {3,4,5 6, 7). 
1-7.11: Proof Reason 
1. Let xe (4 — C) Y (B — D) Arbitrary choice 
2.xeA- CorxeB- D Definition of У 
3. Case 1: xe A and x¢C Definition of - @ 
or 
Case 2: xe Band x $ D 
4 xeAUB Definition of У (3) 
5.x€ COD Definition of ^ (3) 
Definition of — (4,5) 


6. x e(A u B) — (C^ D) 

Let A = {1,2,3}, B = {3,4,5}, € = 2 3,4, D = (4, 5: 65 
then (4 — ©) U (B — D) = (1, 3} and (A ов = (C ^ D) = 
{1, 2, 3, 5). 
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1-7.13: Proof (Part I) 


1. Let x e (4 OB)-C 


2. x€A n^ Bandxéc 

3. xeAandxeBandxé c 

4. xeAandxep- c 

5. xe A n (B — с) 

Read this proof in Feverse order to obtain Part П, 
1-7.15: Proof (Part I) 


DESIGNER IL 


— (А ^6) 
2. xEA Вап хед nc 
3. xeA and x€ Band хес 
4. x€A апіхєв- с 
5. хє А n (B — су 


Order to Obtain Part IJ, 
1-7.17: Proof (Part I) 


l. Let xe 4 =(B UC) 


2. xe A andx¢BUC 
3. x € A and 
4. x€ A 
5. x € (A 


TS€ Order to Obtain Part II. 
1-7.19: Proof (Part 1) 


i=] 


2 XE Band xe ру д, 
i=] 
3. * € B and x does not belong to at] 
4. x belongs to at least one p^. А; гае 
п 
5. xE U (B~ 4) 
isl 
Read the Proof in Teverse order to obtain Part II 
Page 14 
224: ad, f 
pps OE lec PETS 
TITT Е |Б PAET TARE: 
T'FT|rz ТЕТ T|T 
ETE F|r ЕТ KIT 
F|F|T TIF ла XE 


Equivalent 
statements аге f 
(ak), (c.g), ФР 
(e,j) and (т). 
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2-23: a. No horse is white. 
b. Some horses are white. 
c. At least one horse is not white. 
d. Either the owl or the pussycat did not go to sea. 
€. I won't pass this course and I won't know the reason why. 
2-2.4: 5 
2.4: a. If a person is a philosopher, then he is wise. (Restatement) 
If a person is wise, then he is a philosopher. (Converse) 
If a person is not a philosopher, then he is not wise. (Inverse) 
If a person is not wise, then he is not a philosopher. (Contrapositive). 
Pages 17-18 
234: Proof Reason 
ЧОБ T I E AERE 
l.a+b=a Hypothesis 
2а+Ь=а+0 А-4 
3.b —0 A-2, Theorem 2-3.1 
23.2: Proof Reason 
Au ANE АА EET 
l. b + (—b) =0 A-5 
2. (—b) +b =0 А-2 
3. b = —(—b) Theorem 2-3.3 
2-3.5: Restatement: “If a number b has the property ab = 1, (a #0), then 
b =a- 
Proof Reason 
СОНИНИ E E LL WE WEE UT 
Hypothesis 
M-5 
Equality of (1) and (2) 
M-2, Exercise 2-3.4 
2-37; Reason 
WELTEN TERI 
М-5 
M-4 
Exercise 2-3.5 
2-3.9: Reason 
[йш ш с^ 
1 А-5 
2. b + (—b) =0 А-5 


—b)] = 0 А-1, А-4 


3. = b 
[a Cope CDI | AAS 


4. [a + 6) + (a) * € : 
5. [a + b] + [7a — ^] = 0 Abbreviation 
6. [a + b] -- [-(a * 0 — 0 A-5 

7. (а b) = -a – 6 Theorem 2-3.3 
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Page 19 
Reason 
2-4.1: Proof с 
| ee ON emus 3, 
рт ааа ug М-5, Corollary 2-4.2, 
. (a 
2. (a“)a = ] M-2, M-5 
3. (а-1)-1 = а Ex, 2-3.5 
2-4.3: Proof Reason 
A 
l. 1/а = (a1). 1 Definition of l/a 
2. (a)-1 =a- M-4 | 
3. Ifa = а-і Equality, lines (1) and (2) 
2-4.5: Proof Reason 
. 
l. 6714-1 = (bd)-1 Exercise 2.4.4 
2. (ad)(b-1q-1) = (ad)(bd)-1 M-] 
3. (а6-1)(а4-1) = (ad)(ba)- M-2, M.3 
4. (ab) -1 = (ad)(bd)-1 М-5 
3. ab-1 = (ad)(bd)-1 M-4 
6. alb = аајьа Reciprocal form 
2-4.7: Proof 


Reason 
ЕА Н КҮ Ө 
P On E Y Cm г 


(Ба) -1 (аа) + (6а) -1 (bc) 
А аа + bc Gd be 


а LAS i 1 form 
Б nom bi Reciprocal fo 

3. es => + - M-2, Exercise 2.4.5 

Page 20 

2-5.1: Proof Reason 

1:1 +(—1) =0 А-5 

2. a[1 FOEDE ge M-] 

3. a. ] ES a(—1) — D, Theorem 2-4.1 

4. q 4. (—1)a = 0 M-2, -4 

3. (—1)а = —a Theorem 2-3.3 
2-5.3; Proof Reason 

1. [(—1)a]o = (—1)(ab) M-3 

2. (—a)b = —(ab) 


Exercise 2-5.] 


2-5.5: 


2-5.7: 
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Proof Reason 


1. (—a)b-! = —(ab-) Exercise 2-5.3 
2. (—a)/b = —(a/b) Reciprocal form 


Proof Reason 


1. alb + (—c)] = ab + a(—c) D 
2. alb + (—c)] = ab + [—(ас)] Exercise 2-5.4 
3. a(b — c) = ab — ac Abbreviation 


Pages 21-22 


2-6.1: 


2-6.3 : 


2-6.5. 


2-6.7: 


2-6.9: 


2-6.11: 


2-6.13: 


By O-2, one and only one of the following statements is true: а 7 b = 0, 
a — bis positive, —(a — b) is positive. Now a — b = 0 means that a = 5 
(additive inverse is unique); a — b positive is equivalent to a 7 b (by defi- 
nition of >); —(a — Б) positive is equivalent to a < b (since —(a — b) = 
b — a, Theorem 2-3.4, and definition of <). 


a > b means that a — b is positive. 

Since c > 0, c(a — b) is positive by O-4. 

c(a — b) — ca — cb by D. 

Therefore ca — cb is positive, which implies ca > cb. 
Also, ac > bc by M-2. 


Suppose a is positive and b is negative. By the definition of negative 
number, (—) is positive. By O-4, a(—6) is positive, and by Bue 
2-5.4, a( —b) = —(ab). This means that —(ab) is positive and consequen y 
ab is negative. [By M-2, ba must also be negative.] 

X = 0 15 not a saiütion since 1 > 0. If x #9, then x? > 0 by Exercise 
2-6.6, and x? + 1 > 0 by O-3. 


( idera? =a ХІ) = 
by Corollary 2-4.2. Now consic ; 
i -1y is positive. Thus ат! can be 
a-(qq-!) = (a-1)a. By Exercise 2-6.6, (a?) is positive. S 
о ЧЫ $ de Бой of two positive numbers if a is positive us the 
product of a positive and a negative number if a is negative. Referring 
now to O-4 and Exercise 2-6.5, the proof is established. 


If a + 0, then a? #9, 


a < b implies a + € < b + c, by Exercise DES 
c < d implies b + с < b + d, by Exercise | UE 
owa рМ сапар + cis В CURRY 


2-6.2. 


< b + d, by Theorem 


Part 1. Suppose a > b; then (a — b) > 0 and (a M s e ра 
inequality pitas from O-3.) HANS, gi—b-(a- Xa p 
by O-4. By definition, a? > Ё. 
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Part 2. Using the same reason; 
positive of this implication rea 
2-6.1, the law of trichotomy.) 


impli ntra- 
ing, b < а implies b? < 42 The coi r 
ds, “a? < b? implies a < b”. (See Exercise 


Page 23 
2-7.1: —6 <x < —2 
2-7.3: —5]3 <x <3 
275: {x|x < —1 orx > 7/3} 
2-7.7: Case 1: x = 0, y > 0, then И = xy = [x| - Iyl 
Case 2: x = 0, y <0, then lxyl = —(хуу = x(—y) = |x| : Dl 
Case 3: x < 0, y > 0, then [xy]. = —(ху) = (—x)y = |x| - bl 
Case 4: x < 0, y <0, then у = xy = (—x)(—y) = |x| - (у 
2-19: Case 1: x = 0, then Ix| = 0 and l-x| 20 
Case 2: x :- 0, then Ix| = x and |-x| = —(—x) =x 
Case 3: х «< 0, then |x| = =x and |~x| = _, 
2711: |x — y| = |x + (=P) x |x| + I=yl = |x| + |у| 
Page 25 
n 
2-8.1: (a)ifa and P are even integers, then @ — 2m and b = 2n, where m. and т, 
are integers. Since а + 5 — 2m + 2n = 2(m + n) and m 4. nis an integ? 
а + bis even, here 
(b) If a and b are Odd integers, then а — 2m + 1and b = 2n +1, Кт 
т and п are integers, Since a + b = 2m 44 +2n+1=2%m+n 
Olen ЕП lisan integer, a + bis een пап 
(c) If a is even and b is odd, then a — 2m and b = 2, + 1, where та nis 
are integers, Since a +b = 2m + 2n 44 = Xm +n) + 1 and m + 
an integer, a + b is odd, be } 
(d) (Part 1): If a and b are odd, a = 2m + 1 and b = 2n + 1, and a 
Qm + 1)(2n + 1) = 20mn + m +n) + 1 must be odd. se even. 
(Part 2): If a is ‘ven, then а = 2m, ang ab = (2m)b = 2(mb) is € 
Similarly, if b is even then b = 27 and ab — a(2n) — 2(an) is even. i 
2-8.3: Indirect proof: Suppose a is rational, 5 is irrational and a + b is MARE 
en а = pig and а + = r/s, where Ps4 r, and s are integers TES 
4 * 0,550. Nowb —(a-b)—aq = r[s — plq =r]s + [—(р/ф] =" 
Cla = irg + 5(—р)]/зд; hence b must be rational, 
Pages 29-30 
2-91: a. All upper bounds are > 8; all lower bounds are < d 
2-9.3: By Corollary 2-93, there exists a nat; 1n < 4% 
ence сја <4 natural number z such that 1/) 
2-9.5: 


for set S ang let T = {x | -xE 5}. 
CLAIM 1: —p ig ап upper bound for T. 
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Proof: If x € T, then —x € S; hence b < —x which. implies —b2x. 
Let c be the least upper bound of Т. 
Cram 2: —c = gl.b. S. 

Proof: —c is a lower bound for S since xe S implies -xeT; con 
sequently, —x < c and x > —c. Now suppose а is any lower boun 
for S; by Claim 1, —a is an upper bound for: T. Since c is the least 
upper bound of T, c < —a and consequently —c 2 a. 

2-97: Let c = glb. S. If d > c, then d is not a lower bound for S. Therefore 

x « d for at least one x € S. 

2-99: From а <b, we obtain a — VZ <b — V2. By Theorem 2-93 there 
exists a rational number ғ such that a — VZ <r «b — V2. Hence 

a «r4 V2 « b. 

2-9.11: Since a < b, there exists a natural number п such that 1/10" <b x 

(Exercise 2-9.10) or equivalently, a <b — 1/10". By Theorem ‘i io , 

there exists an integer k such that 10"b — 1 < k < 10"Ь; hence b — i э 

< КП10" < b. Combining the appropriate inequalities, we obtain a < 

1/10" < k/10" < b. 

Page 32 


210.1: 1 < VZ <2 since 1? < (V2)? < 2°; 
144/10 < V2 <1 + 5/10 since (1.4)? < (V2)% < 1.555 T 
1 + 4/10 + 1/102 < V2 < 1 + 4/10 + 2/10° since (1.4)? < (2) < 
(1.425; etc. 


Page 34 
24111: а. 40/9; c. 67/111; e. 1/8. 


2-112: Divide to obtain these answers (note the eventual repetition): 
a. .428571428571428571. . .; c. 5.333... € 171717... - em 
2-113: Proof: From the preceding section (Section 2-11) pees o ion 
decimal expansion ending in all zeros can be тер! s Midi git one less 
ending in all 9’s; the last non-zero digit is replaced y 


than itself. by- <- Where 
"OK 


Suppose x = ao. ауйзаз```@к` b for all n < k- 
neither expansion ends in all zeros, ар 7 Or ® Ж; ‚ = Бо. Боба 
Now x = Бу. bybybs "`` br> 7 = box bibaba % 1. Note the contra- 
ei (by qo 1) sag diea СЕ E F Я 
diction х < x. 


..and x = bo. Pibibs ^ 
and ap = bn 


Pages 43-44 


361: a R = (LD, Q.D, 3,3), 47) 
b. R = ((5s), GO, (1,0), (1,0) 


170 


3-6.3: 
3-64: 


3-6.5: 


3-6.7: 


3-6.8: 


ANSWERS TO SELECTED EXERCISES 


The relations in parts b and c are functions; the Others are not, 


$ T; 
MM Fuss) = {д г) 
Soe -ef. 


edi d а. frn) = {si sa} 
S30 ots 


е. f Xt, te, 4) =5 
Se — eta 


а. f (0,1) = [1,4] 
€. f(3,4)) = [1,4) 


© F712) S12 = 
Proof 


Y21) (32 4 v2) 


Reason 


in i е digni. 
1. Let x € fn) 


2. For Some y in p. (x,y) ef 

Sh YEDand Dc Eim 

4. y€ E and (x,y) Efi 
*ef-(g) 


Arbitrary choice 


efinition of inverse image 
PYYCE | Definition of c 


mply efinition of inverse image 


Ptable proof of Ex. 3-6.7; 


Reason 
"ESTE FEARS Na] , | 
l. Let x E fp) 


Arbitrary choice 

2. foG)e D Definition of inverse image 

3. Since р © Е, /(хує Е Definition of c 

4. xe fg) Definition of inverse image 

Proof Reason 

TOT -эаржыксе Fu us 

І. let xe Го E) Arbitrary Choice 

2. For some JEDUE Definition of inverse image 
Gye 

3. yep Oorye E Definition of v 

4. x € f-(p) or *ef-XE) efinition of inverse image 

5. xe f(D) у f^XE) efinition of U 

The following is also acceptable: 

Proof Reason 

1, Let x €f-Xp U E) Arbitrary Choice 

2. /о)ер ок Definition or inverse image 

3. /о)є p ог f(x) e E Definition or о 

4. xe f-p) or *e€f-E) Definition of inverse image 

353 Ef-(D) OFFENE) 


finition of U 


3-6.10: 
10: Part I: To show that f(D) ^ f) 


3-6.11: 
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1. Let xE f(D) n fX 
E) 

= хє/ (р) and x € f ҖЕ) 

Я Tor some y € D, (x,y) € fand 
or some y' € E, (x,y) E 

4. y) €f and (xy) € 2 / 

" imply y = y' 

х yEDNE 

.yeD n Eand (х, ) € f impl: 
xefXD ^E eid 


Part II: To show that f (D A E)¢ 


1. Let x ef-XD A E) 
2. Forsome ye DOE 
Ef 
3. ye Dand yE E 
т x € f(D) and x e f (E) 
axe fD) an fr 


Alternate proof for Exercise 3-6.10: 
Part I: 


| Let x € f(D) ^f) 
2. x € f-X(D) and x € f (E) 
з. f(x) e D and fG) € E 
4.f@EDOE 

5. xef(D ^ E) 


Part II: 


1. Let xef- (D с 
2. FOL BRE A 

3. f(x) Р and fG) € E 

4. xe f(D) and x € f ҖЕ) 
5. xef-XD) с\/ ҖЕ) 


Proof 
Wa PORE pea к 
x nee ef{f7W)) 
. For some x € f (D), (%y) € 
3S xe E implies for some | 
y єр, ху) ef 
4. (хуу) ef and (х,у) Ef imply 
y= t 
5. ye D 


e f(D AE) 


Arbitrary choice 
Definition of A 
Definition of inverse image 


Definition of function 


Definition of ^ 
Definition of inverse image 


fo of. 


Arbitrary choice 
Definition of inverse image 


Definition of ^ 
Definition of inverse image 


Definition of ^ 


Arbitrary choice 
Definition of N 
Definition of inverse image 
Definition of A 
Definition of inverse image 


Arbitrary choice 
Definition of inve 


Definition of O 
Definition of inverse image 


Definition of ^ 


rse image 


Reason 
Arbitrary choice 

ition of image 
Definition of inverse image 


Definition of function 


Lines (3) and (4) 
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Alternate proof of Exercise 3-6.11; 
1. Let ye ff3(pyj 
2. For some x c f(D), 


„ Го) = y 
3. x e f-Xp) implies 
4 yeD 


fe)en 


T is defined 
ta}; then f 7-р) 
Part Г: То show that fp) 


| Let x e fp) _ mí 
X € f-((D) and x €f-XE) 
* € f"(D) implies for some 
JED, yer 
xéf-XE) implies if (ye f 
then y ¢ E 
YED-E 
YED-E and (x, 


Y) € f impl 
*Ef-(D — ку {ту 


Part IT: To Show that FD E)c 


. Letxef-(p _ E) 
. For Some ye р _ E, yer 
YED and YEE 
JED and (х,у) S f imply 
T ELD) 
If (x,y’) € f, then 
YEE 
*Éf XE) 


7/5 *efap) —f-(e) 


Alternate Proof of Exerci 
Part [; 


by f(s) 
Sisa] 


ene 


ы 


tA 


a 


У =y, so 


ise 3.613. ' 


3. fo)e р and f(x) & к 
4. x €f) and X6 fp) 
5. хє SAD) = SE) 


Arbitrary choice 
Definition of image 
Definition of inverse image 
Lines (2) and (3) 


=h, 


Гб) = 1, 
= {t} = D. 


TAE) e fp _ р), 


Arbitrary choice 
Definition of — Е 
Definition of inverse image 


Definition of inverse image 


Definition of —, lines (3), (4) 
Definition of inverse image 


£70) — р-р), 


Arbitrary choice : 
Definition of inverse image 
Definition of — 


Definition of inverse image 
Definition of function 


Definition of inverse image 
(from line (5)) 
Definition of — 


Arbitrary choice 
Definition of — 


Definition of inverse image 
Definition of — 


Definition of inverse image 


Arbitrary choice 


Definition of inverse image 
efinition of 


efinition of inverse image 
efinition of — 


tay ta} 
ts S = (s, s, sa} and T = {ty fe t 
(5, se тапар = fg. 14 
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3-6.15: z€[0,1] if and only if 0 < у —x <1 


Page 45 


8-7.1 H 


Range R — PIGER = {y| Owe R^) = Domain кї 
Domain R = {x | (x,y) € R} = {x | x) E R} = Range R? 


Pages 52.53 ^ б 


3-8.1: 


3-8.2; 
3-8.3 : 


3-8.5; 


3-87; 


3-8,9 1 


1547 
f(1/4,1/3) = 2343939393... = сєтүу if (1,1) = 99999... = 1; 
£(63072517008. . . , .202130074091. . .) = .62302071235007147090081. . . . 
а. x = 721003085. . . , у = .32094502... 


з = Ø —f(a) = 0, fas) = 0, fas) = 0; 
3 = {ax} + fla) = 1, fe) = 0, fla) = 
s = {ay, ay} + f. (aj) = 1, Јаз) = 1, Јаз) = 
8 = A > fla) = 1, fag) = 1, fias) = 1. 


The functions relating to subsets {ав}, {аз}, Ía;, ag}, and (a, аз} are defined 
similarly. 


f: € — (0,1) is defined by representing each of the numbers х, у, and z bya 
non-terminating а (using a repetition of 9's rather than 0’s воа 
two representations are possible). For every [639 202] € C, mark off subsets о! 
digits in the decimal expansions of x, y, and z by going up to the next non- 
Zero digit. To express f (x,y,z), start with the first portion of х, followed BY 
the first portion of y, the first portion of z, the second portion of x, etc.; 
Example: If x = .400215..., y = .03102..., and z = .29090..., then 
/@,у,г,у = .40320021910209. . . . А 

x 
f: S — О can be defined by f(x,y) -5 , 25) 
If simple alternation of digits is used to define f: S — 0,1], терте only 
(xy) in S with image z, = 1290909... is x = 1999... у = Эт 
but the decimal expansion for y does not satisfy the rule given for ШАП 
decimal representation. If this rule is not invoked, then f ceases to be a 
function since 
(1999... , .2000. . .) is related to z, = -12909090. . - 
(2000. . . , .1999. . .) is related to z = .21090909. . - 
(1999. ... .2000. . .) = (.2000..., -1999...) but zı ^ 22. 
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3-9.1; 


3-9.3: 


x? + 2x 1° 
LER) — f| [g69] = еб) + 2[(x)] = 3 — 12 
Зх: = зт 


af = (ба, сз), (25,3), (25,9), (ас); 
Range gf — {с сз). 


gfx) =ё[/(х)] -fQ)-123 


+ 2(х – 1) = 
4х 


1 1 
3-9.5: &f y) 7 8f (oy) = lf Gy) — Misi = 3| 
Range f — (0,1); x? +y» +1 32 
Range g — TIOD-negative real numbers; 
Range & = [0,1/2]. 
Page 57 r 
о 
3-10.1: For each е4 аку р by hypothesis, Hence f(a) > f(x) = 
equivalently, LEL), уау) for all *€ A, by the definition o! 
creasing function, This proves that f(4) с L), fa) l; 
B 
3-103: If 9 S% <x, then [y < р; ba] + [x bs] < læa) + И К 
Аа + ху < а 4 Ixl); po Sand so f(x) EC 
Mal 1 + [xg]? | 
If x, 739 S 0, then c =x and Ix > [xy]; II + [xl [к [xo А 
Isl = laal; bal (1 + lx) > > bal e Wi 
NIC ыар. Um? T3 pg 
Graph: 
Page 60 
411: Propertie 1 г 
examples, We wil estate of metrics are rey fo verify in each О 
H 5 г i : 
ү 1: (E. ample 4-1.1); aub Ee xj + [x — xal я 
es х2 xy =| x - ЙГ Мз S 
Part 2; (р |. 8 4-12); et al ар) b |, с = 1х He 
5 a Walt hn al, and p. ree Ww VU. to establis 
D) + digr) x à Va 
od bet 4р), w mu 


ад ao) Ven “t prove VF | Vado ga p^ 
; = bed + азда > o, 2abcd < b*e 
bed + b?q2 Sate + phe + aea. b?d?; 
(e+ bape < (а + руса р 4); 
ac + bd < VaR, Vei. 
Uac + bd) < 


D. 
Мата, Verg : 


4-13: 


4-1.5: 
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Moreover a + c = |x — al + [xy — xal = ba — xh 


в + а =|уу — уш + — 3% 2D 
Therefore a^ + 2ас + d г; b+ 2bd + asf” Add these last two 
inequalities to obtain a? + Б? + @ + d? + Xac + bd) > gf 
From inequalities (I) and (ID, we obtain 

approp ever eee tf 
(Уши + VEFES AÀ T5 
VEER > VETS 
n in hint. To establish the 


or 

and finally Jai b+ 

Part 3: (Example 4-1.5): Solution partially give 
m 


last inequality, note that т ^ 1 +k 
d, is not a metric since for p =! and q == 200 =0 but p #4: 
d, and d; are metrics. ' 
Properties 1, 2, and 3 required of metrics are easy to verify. To establish 
property 4 we must shoW радуе > 
Vid x F dpr) + Vii xoi + йвз) 2 nik 
э = 13 = dr = (Xs 
Уа (хха) + (4. JI, where p = [2521 (х,у), a0 3 
Leta ч d (5x), 6: ag c = dala) d = dpa) € — 44а), 
f = ав(уьуз) and follow the patter 
Only two lines need be changed: 
А + с da(xyx) + daar) 2 dar 5 
*td-d Ya) + d „уз) > dz, JE 
Note that тЫ х Fx B- Еі х Е, Е = Е X Ep. 


хз) = 6 
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45.1; 


4-53: 


4-5.5; 
4-5.7: 


4-5.9; 


Interior of A is A itself. 

Exterior of A is {(x, y) | 3? + 4y? > 4}. 

Boundary of A is {(x, у)! х2 + dy? = 4). 

The set of all limit points of A is (0 pert = dh 
The set A is open; A is not closed. 


The only limit point is (0,1). 
There are no interior points. 
The set itself together with the point 


The set is neither open nor closed. 
arated; d not separated. 


t itself; therefore 


(0,1) is the set of all boundary points. 


a. Separated; b. not separated; С. not sep: 


The set of all boundary points of а finite se! 
every finite set is closed. 


The set of all boundary points of Ø 15 2. intsof g) 
The null set Z в pod poe gø > (the set of Шз кн 
The null set is open since Ø ^ (the set of all boundary P 
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4 note on logic: Consider the two implications: 
l. Ifpisa boundary point of Ø, then pe ø. 
2. Ifpisa boundary point of о; ; then pé ø. 
Both implications are true since the hypothesis is false; i.e., Н — C is true 
if Н is false, 

4-5.11: Solution is Partially given in hint. Let є be the smallest number in the 
finite set {c,, ё --., €n}. Note that e > 0. Now, N(p,£) c A; i =1,2,..+5 


n А 
п, and hence N(p,e) c ñ 4. This proves that every point in f) A; is an 


tal i=l 
interior point of this set, 


4-5.13: Let ду, An... , An be a finite collection of closed sets in a metric set M. 
By Theorem 4-4.1, M — An M — Ay... M — An are open. By Exercise 
n n " 
4518 T) Qr AN ts open? Now M. U 4 = f) (M — A). Since 
f=] i=l i=1 


n n 
M- U A, is open, U А; is closed, [Theorem 4-4.1]. 
{=1 i-1 


Pages 68-69 
4-11: a, fn) = 1/2"; c. f(n) = —n/(3n — 1); 
VL V 2*8. if nis odd, 25 21 
eene УЗ" if nis even; Efe = 35 +1 ; 


i Ле) =(=, 1 _ 1/n)). 
Аа) converges to 0; 


4-73: Let b = lim f(n); then N(b,1 
па 


itely тапу elements of 4 outside N(b,1)- 


ET tw Then А © N(b,r + 1). 
+3: The divergent sequence 1/2, —2/3, 3/4. 4/5, 5/6, ш 
f о, 5/6, 56/7, ras converge! 
Subsequences 1/2, 3/4, 5/6, 7/8, .., and —2/3, —4/5, —6/7, —8/9,.... 


4-91: The Sequences in Parts a, b, с, ©, р, and i See 
Theorems 4-9. and 4-94.) MN Ry ern 


4-9.2: 


4-9.4: 


ANSWERS TO SELECTED EXERCISES 177 


as, — a, = Af(n + 1) + M(n + 2) +... + 1/2" > n(1/2n) = 1/2. Hence 
for every integer N there are terms dn and am Where n, m > N and 
lam — anl > 1/2. 

In E! use repeated bisection of intervals. 

In E? use repeated subdivision of cubes into 8 parts. 


Page 83 


4-11.1: 


4-11.3: 


4-11.4: 


4-11.7: 


4x? — = malt 

ato Wa EIS ЕЙГЕ pet 280636 4lx — 3P 165 = е4, then 
x—3 x3 Ix —3 

0 < |х — 3| < ô implies |/(х) — 7l = а(х — 3)/0х — 3D =41 —31 < 


48 = Е, 


3У2 a m 
a. Largest ô = —5— —2; b. Largest д = V3]2 — 1; c. Largest ô = V 19/2 —3. 
Proof of part (b): 
Case 1: a 20. 
Note that if |х — 4l < ô, 


Ме) —f@| = |x? — a?| = |x —al-|x + al. 
then —ô <x — a <6; 2a — ô <x+a<2a +ô. Since a > 0, —2a € 


2a; —(2a + ô) <x +a «2a +8; |x tal < 2a + ô. Therefore |x — al < 
ówhereó = Va? F e — a implies |f@) — ра) = lx — al- let al < 
6(2a + 6) = е. 

Case 2: а <0. 

If |x — a| < ô, ће 
a «0, —2a > 2а; 
Therefore |x — a| < ô where ó — 
Ix — a|- Ix + al < X9 — 22) = °- 


n—ó«x-—a <ô; 2a — ô сх +а <2а + 8. Ѕіпсе 
-9—22 xta <0 = 2 |x +l <6 — 2а. 
Уш e + а implies |f() -f(2- 


Yon Val s-—aifaz0 
since Vat +e lal T gia e+aifa <0, 
the proof is complete. 

Solution to Part (b). е магый в мей. Then 


Suppose (x,y) € NTG,5)21 where ~ d{(a,b),(0,0)1; or 
d[(x,y),(a,b)] < 9. Now (x,y), DE ауз а? + 


КЕ + <5 + Va a B Ух y a,b) < £. In order to prove 
Bt + es fey) < flab) + е; hence fO "s 
that f(a,b) — fœ) < 5 We consider two 

: 2 + p. — х,у) < 
Саа ТИГР, КОА 
Case П: e <а? + b°. 
First prove that УШЕЙ + HFE- У + Bb =ô. Then 


Var — Уа 2 F rh 2 qx) (09) «2 + 65), e» implies 
а(а,Ь), (0,0)] Ag =? e Vai 4 – Масы Мо + yu» 
aus == тз у бё < FD) - 
ota Б ey 
Sy) < =. 


убо а +0 % 
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Now since Јоу) — f(a,b) < c and f (a,b) = f(x, 


у) < e, we have | f(x,y) — 
f(a,b)| < е. Therefore foy € М f (a,b),e]. 


Pages 87-88 


2. 
4-12.1: Suppose r € N(p,e[2) and s e N(q,¢/2); then |r — pl < e2and |s — 4| < є] 
Ву Exercise 2-7.11, |(r — s) 


=P -9l - lr р) = -pI «ir - p + 

Is — ql < 2 + e2 = e. Hence r — se Мр — qe). 

4-12.5: To prove parts 2, 3, and 4, replace + by —, -, and +, respectively, in the 
Proof given for part 1. 


4-12.7: Consider any neighborhood N( 
Subject to the conditions e ES 


+ in the latter portion of the Proof of Theorem 4-12.4. Cite Lemma 
4-12.4 instead of Lemma 4-12.3, 


Page 88 
413.1: ô = e will suffice in both Cases, 
4-13.2: a. lim fe») = 4 
z—0- 
lim f(x) 2 6 
20+ 
Тһе Braph of f (x) is: 


4-13.3: Let e > 0 be given. Since 


6; 

i "А гб 

lim f(x) = b, there exists a positive numbe 
2-47 

Such that а — 6 


=b; 
1** «a implies Ме) — bl <e. Since lim fœ) ^ 
there exists д positive number б. 
Шо) — bl <e, Let 6° be the less 
9 «Ix —a| < 2 implies |, f(x) 


а-а « mplies 
2 Such that a <x <q + um 
et Of the two values ô and ôx; 
— b| « e; hence lim f(x) — b. 


z—a 


Page 92 


5-1.1: fe) =cis Continuous at each 


Ме,е) = N(F(a),«), f(N(a,1)) 


£X) = xis Continuous at each 
N(a,e) = N(g(a),e) we can ch 


i porhood 
Point «` of E! since, for every neigh 
= {с}= NỌ (а),е). (6 = 1 suffices). ET 
Point a of E." since for every neighbo (д) 
9036 à = e to ob tain g(N(a,3) = №! 


оой 
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5-1.3: F(x) is the quotient of two continuous functions; therefore f(x) is tontinuous 
at each point x where x — 2 #0, The discontinuity at x = 2 is not 
removable. 


15: The graph has jump discontinuities at x — —3 and x — 4. 


` 


M Fors = 1/2 and any real number a, it is impossible to find a 6 > 0 puen 
that f(N(a,)) = N(f(a),1/2) since Ма) contains both rational and 
irrational points and therefore /(№(а,0)) = (0, 1}. [No neighborhood ve 
radius 1/2 can contain the two points 0 and 1; d(0,1) = 1.] Hence lim f 
does not exist. 

Page 96 
524; — e < M, the number M —« 


* Given any neighborhood N(M,<«), since M і 
is not an upper bound for C; s there exists a point x in C such that 
— € <x < M. Moreover, since M is an upper bound for C, the 
interval (M,M + є) does not contain any points of C. Therefore every 
neighborhood N(M,c) contains a point in C and points not in [95 M m 
bea boundary point of C and consequently M belongs to the closed set C. 

A similar argument proves that m € C. 
there exists a point c € [a,b] 


5-2,3; 
hypothesis, f@ = 0 and 


Since-0 is a real number between f(a) and f(b), 
Such that f(c) — 0, by Theorem 5-2.7. Now, by 
(6) = 0; hence c € (a,b). 


ANSWERS TO SELECTED EXERCISES 


Page 99 


5-3.1: 


5-33: 


c 
Given any e > 0 and Point a€ Е, the largest ô such that f! (Мел a 
N(f (a) is given by max $ — Va? Fe — |а| (see Exercise 4-11.4). 
for integral values of a (a = 


= | л = 
пуп =1,2,3,...), lim Vat e — Inl 


lim УЛ EE — ууру + Inly Я e” =0 
EE Ул# +в + In| A RU Ут + є + |n] ough 
This proves that for any given ғ > 0, there exists no 6 > 0 small en 
such that f(QN(a,5)) = N(f(a),e) for alla e E 

c 
Given any e > 0 and Point (a,b) є E? the largest ô such that f [N((a,b),®)] 
N(f(a,b),e) is given by maxô = 


5° 
Aq. TB te — Уа Gee Exar 
411.7). Let.S denote а bounded subset of Е?, i.e., S c N((0,0),7) for S = 
pu Munters уы ATA. УЗ. Sine 3 < Vat EBT TS 


VEFE f i : A Do 
for all (es. 7 Point (ар) е, we have FIN(a,b),3) = NYC 


i i i :der intel 
Sy) is not uniformly Continuous on the entire plane E?, Consider inte? ga 
values LI 1,2,3,...) and let b =0. Then lim Vn? + * 
Ут = б 


п» со 
(Уп Fe — Уу 


lim зае Ут) 5 є “д; 
nw Vn + У ain 


E yum E 
This proves that fo Ros VR pra MR 


^ h 
апу BiVen в > 0, there a: all епошЁ 
such that fi (N((a,b),8)) & N(f(ajb),e) for Шс E К 
Page 104 
[Gc + А 
5-4.1: 


5-4.2: 


a. f'G) = tim )* + 2(х + эш 4] — [x 4. 2x + 4] 
(3E 


= lim 3x? 2 


3G +h) +2 3x +2 
, LES WT 
Mb = li c T 
һ—0 HS 
Dx -ABE + 5) +9) 


zii IBe + py 
= lim Alx + 
Д à ЗО D ax 7 3х + 2] 


222 


Я АИ м; 
“Be +) ава = [5s ap 


и Sf +h) — 
(i) D.[cf G2] = lin ge D - eo) 


+ DELON pe 70 
н 7 


= сР.у(х) 
(see Exercise 4-12.8). 
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feth Јо) 


б) D, "S ENS gx th) g(x) 
h—0 h 

pm (x + В) — О) —f@le@ + №) — 200] 

i Alg(x + hlg) 
Х f@ + В) — Јо) gx + » =| 
ré “ay * od [pe - pen 
&C)D.f(») — SODE) 
(СОР 


[Note: Theorems 4-12.3, 4-12.4, 4-12.5, and 5-4.1 were used.] 


5-43; Let x = а + h. Since f(x) is continuous at а, 
Mufa + h) = lim f(x) = f(a). Now 


tim [f(a + h) — f(a)] = lim f(a + A) — lim f(a) = 
aec h-—0 A-—0 

Да) — f(a) = 0. [See Theorem 4-12.3.] 
Page 105 


$51: с. y —g(u) = и, u = f(x) = cos (2х). 
First consider u = cos (2x); let u = cos v and v = 2x. 


du n du dv j А 

ОХ аре (—sin v) (2) = —2 sin (2x). 

dy  dydu 

а аа 9 1-2 Sin Qx)] = —18[sin (2x)][cos (2x)}*. 
Page 109 


5-7.1: Consider f'(w)— ү Muf en з Since fu +h) z fe) for all 
һ—0 


fae is positive or O for 
дш + һу — f 
h 


values u + h € (a,b), the quotient 


h > 0, and negative or 0 for h < 0. Therefore f(u) = m 
must equal 0. 
54/33 аер Z EGTE) 
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5-8.1: а. z= 9/4; РЕНИ 
L'Hospital’ s Rule cannot be used to стапа lint a since the numerator 


b. z = (b + a)/2 


5-8.3: 
and the denominator are not 0 when x = w 
Pages 112-113 


ear а. Ay = 1, dy —4 с. Ay = .0403, dy = .04 
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5-92: b. Ay — —.00392..., dy — —.004 


. 1 
5-93: dy —f'()h = san = —004 when x =1 and h = —.02. Therefore, 
VDE ~ V1 — .004 = 996. 


v3 T 
5-9.5: Consider f(x) = sin x; dy = f'(x) А = (cos x)h = Fa) when x = 7/6 


and В = 7/180 radians. 2 (180 
Therefore sin 31° ~ sin 30° + V/37/360 = 1/2 + € 
Page 113 
UA pen DODENUS ; for the function given, f,(x,y,2) = 


0-0 
3х2у2: — 3x. 


Pages 115-116 


5-11.1: a. Az = 12.0272, dz = 8.8 
b. Az = .90858992, dz = 88 


5-11.3: AV = (.642804)», dy = (64) 
5-11.5: b. Au = -6767340901, du = .67 
Page 117 


5-12.1: D[0, (хо,уо)] = 13/2 + 2v3 
5-122: a. DIO, f(xoyo)] = {соз 0 + УЗ sin 6] 


d d 
5-123: 55 DIS f Go yg)] = a8 Ио) cos 0 + f (xy) sin 6] = 


оу) sin 0 + f(xy cop oot Mi i 
d _ Убу) ow. Јоу) sin Ө = (хоу) cos 0; 


Sel%oYo) ` 


(хо, Yo) 


The angle 0 for which Р, f (x. y,))] is maxi "Ret : bove 
triangle. Using this angle we hive oom is illustrated in the a 
Max DIO, f(xo,yo)] = f. AXo,Yo) cos 0 + 


Soyo) sin Ө = 
VIG E + Uf 6s. уд. оУо) Sin 
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6-1.1: a. 30; b. 732 
€13: > 
3: Division аан Жир ы 
= dm ++... +a) = C$ av 


6-1.5: iee»- erw- -$e +25- 


CES EN NEL CES M ща Xon +7) 
6 


Pages 124-125 
7 

6-3.1: I A(x) dx = 13 
-2 


1 
$33: h(x) dx = —24 


7/2 


2 
63,5: | VOTES 
—3/2 


2 
637: || Hx) de 25 = Vi V3 
=1 


Page 130 
6-5.1: Let P, and P, be pa 
Let P = (xo Xv 
of subdivision of both Р, 
and g respectively on the kth oj 
ео) +g) = e + % ” for allxin Gari Ё = 


An si is a step function and Ki (x) +40) 
СТЫ) DL Зад -f J de + | ge 


k=1 


rtitions of [a,b] associated 
, Xn} be the partition of [а,Ь] contaii 


and Р,. Let c, and CK 
pen uds E Р; k = 1,2,. 
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6-9.1: By Exercise 6-52, m(b 


b b 
Since f is integrable on [a,b], | Јо) ах = -[ Јо) dx -f Јо) dx. 
6-9.2: Consider six cases depending upon the re 
< re <ra then 


For instance, if rı 


soie e Pe р 


183 


with f and £ respectively. 

ning all the points 

be the constant values of N 
‚л. РА З 


] dx = КҮ Е e) — хь) 


Te 
— a) efras and M(b — a) >f Јо) dx. 


lative values of гу, rs and rs. 
"s (n [n 
“-[+] + m Theorem 6-8.2; 


6-9.5: 


ANSWERS TO SELECTED EXERCISES 


: Lete > 0 be given; by Lemma 6-6.1, there exist step functions s,(x) € Sy, 


b 
tC) € Т, зх) € S, (x) € T, such that | h(x) dx = | sG) dx < e/2 
b b 


and tx) dx — , OD dx < e[2. Now, 50) = iG + s(x) E Sus, 


tax) = (x) + t(x) € Ту, (see Exercise 6-5.1). * ral) dx — | 862 dx — 
Were +[ (х) dx -[ s(x) dx -[: s(x) e < [2+ &[2.= = є. Непсе 
f WEE [a,b] + E! is integrable by Lemma 50, ib Moreover СЮ dx 
"оэ + g(x)] dx «f to(x) dx and "SS dx= go dx + 
E dx <f Јо) dx + |" а(х) dx s (х) dx e t(x) de f'a) dx. 


a a 


Therefore: f Јо) dx + f &(x) dx — -f UG) +g] dx 


Since this last inequality holds for all ¢ > 0, 


f Јо) dx + + [sea = af UG) + 92] dx. 


Let є > 0 be given. Since f: [a,b] — Et is integrable, Шеге exist step 


functions s(x) € S, and (x) € T, such that TN f(x) dx — <, 
(see Lemma 6-6.1). By Theorem E 41, о(х) dx E dx 


КЕ = [мә а + Гао ax + Гаю а and Гао а= 


Ti Ta 


| So(x) dx +[' E dx +f So(x) dx. Now, Ur тох) dx — i СЕ) dx € 
A Ta Ti 


(Гао ах - [мэ ax) + (f^ 1х) dx a 
b n n 


So(x) ax) + 


b 
([ ч» ах -f Sox) a) = 3L t(x) dx — Í з) dx < e, Therefore, by 
Lemma 6-6.1 ‚р f(x) dx exists, 


n 


<E. 


p 
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6-13.1: Part 2: Let F(x) = Í и) du, со) = -[ 


&(u) du, and 


Но) = «li [/(и) — p(u)] du. 


By Theorem 6-11.1, РДЕ(х) — G(x)] = D,F(x) D, EG 
and D,H(x) — fi (x) – 4C). By Theorem 6421 lr rw Bu 
C. Now, С = [F(a) — G(a)] — H(a) — 0. Hence F(x) — G(x) = H(x) for 
all x E [a,b]. At x = b, F(b) — G(b) = H(b), or i tes f gu) du = 
t [f(u) — g(u)] du. Replace и by x to complete the proof. 


n 
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6-13.2: a. Let g(x) = х? +2 and f(u) = Vu; then g'(x) = 3x* and fig@)] = 
Ух +2. ў 
"VET Ede i "flgGOlg'GO dx. By Theorem 6-13.1, this becomes 


1 1 
i att FG) du =} eda = 4:32 *_ 2 поу1б —3V3). 


3 
с p(x) = xt +1, f0) = Lis; Answer, 15/128. 
е. g(x) = x sin x, f(u) = и; Answer, 7/8. 09 5 5 


в. g(x) = VI + 2x, f(u) = (^ — £2; Answer, —,$ —- 
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6-16.1: The values of А(х,у) on each subset R;; are illustrated. 


a Јоза o5 +в6+т +в +1о +12 +14 +16=% 


3 
c. [зоа =0 + 26 + 52 = 78 = Је» dA 
0 


6-16.3: Define step functions s: R — E! and t: RE^ by (х,у) = dics 
(х,у) = M for all (x,y) € R. Now, |h(x,y)] < M implies s(xy = -M = 


h(x,y) < M = (х,у) for all (x,y) € R. By Exercise 6-162, [ 4А < 


[fren dA < | | (х,у) dA. i 


R R : 

Ѕіпсе К = —M|R| and fe» = M|R|, the proof is 
R R 

complete. 
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6-18.1: Part || re» dA — e[2 < [| ræna —].u.b. (f s(x y) dA | G5) € Sr Ч 


R R 
This means that I Гоу) dA — є[2 is not an upper bound for the set 
R 
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| ПК ад | se») es). Hence there exists a step function s9(x,y) € Sy 


Е 
such that I fe) dA — «2 < Í |) So(x,y) dA. 
т R 


Part 2: il |) fey) dA + ej2 > | |) fy) da = git I [| (x,y) dA |х,у)є n) 
J Ч 


H R 
This means that f Јоу) dA + є[2 is not a lower bound of the set 
R 
| | | (х,у) dA | (x,y) € т) Hence there exists а Step function z(x,y) € Ty 


Fun that Í | fy) dA + 2 > [| toy) dA. 
R R 


6-18.3: Since fis a step function, f) € S, and fee T, (see the definitions of 
S, and T). 


f(y) € S, implies I (х,у) dA < | | fy) dA; 
R "a 

fey) € T, implies | [| Гоу) аа > | f fe.) dA; 
R R 


By Theorem 6-17.1, А (у) dA aji f(y) dA. These three inequalities 
Е Е 


R 
establish Theorem 6-172. 
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620.1: Since f: [a,b] + Е andg: [a,b] + Flare Continuous and therefore integrable 
on [a,b], there exist step functions WES, ((x)e T, s(x) E S, and 
b 


b 
ДО € T, such that of t(x) dx -[ S(x) dx < e[2 and (11) I И dx — 


a 
516) dx < е2, Let P, be a partition of [a,b] Containing all the points of 


(1) The region bounded by so(x), t(x), 
(2) The region bounded by s(x), t(x), 
The total area of these two regions is less than e 


6202:2.2295; с. (m|al®)/6, 
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Absolute value, 22 
Addition, 15 

Additive identity, 15 
Additive inverse, 15 
Aleph-null, 49 

Aleph-one, 49 
Alternation, 11 
Archimedean Principle, 
Associative law, 15 Seg 
Axiom, 11 

Axiom of completeness, 25 
Axioms of order, 20 

Axis, real number, 35 


Binary operation, 3, 15 
Bolzano-Weierstrass Theorem, 72 
Bound, greatest lower, 28 л 

least upper, 26 

lower, 28 

upper, 26 
Boundary of a set, 62 
Boundary point of a set, 62 
Bounded function, 126 
Bounded sequence, 69 
Bounded set, 29, 65 
Bracket function, 90 
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Cancellation law of addition, 16 
Cancellation law of multiplication, 
Cardinality, 45 

Cartesian product, 36 

Cauchy sequence, 70 

Chain rule for derivatives, 104 
Change of variable, 144 
Closed interval, 35 

Closed set, 63, 64 

Closure, axiom of, 15 
Commutative law, 15 
Complement of a set, 4 
Completeness, iom of, 25, 26 
Complete ordered field, 26 
Composition of functions, 53 
Conclusion, 12 

Confine (sequence), 67 
Conjunction, 11 

Connected set, 65 

Continuity, 89 

Continuity, uniform, 97 
Continuous function, 89 
Contrapositive, 12 
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Convergent sequence, 68 
Converse, 12 
Corollary, 18 

D 


Decimal fraction, 30 
Decimal, terminating, 30 
non-terminating, 32, 74 
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Decimal, repeating, 32 
unending, 32, 74 
Decreasing function, 56 
Decreasing sequence, 69 
Deleted neighborhood, 61 
Delta notation, 101 
Density, irrational (theorem), 30 
rational (theorem), 27 
Derivative, 99 
chain rule, 104 
directional, 116 
Beneralized mean value theorem, 109 
mean value theorem, 107 
partial, 113 
total; 114 
Difference, 15 
Differential, 112, 114 
Directional derivative, 116 
‘Discontinuity, jump, 90 
removable, 90 
Discontinuous function, 89 
Disjoint Sets, 2 
Disjunction, 11 
Distance function, 58 
Distributive law, 16, 20 
Divergent Sequence, 68 
Division, 16 
Domain, 37 
Double integral, evaluation of, 156 


E", 59 

Element of a set, 1 
Empty set (null set), 3 
End point, 35 
Enumerable set, 46 
Equivalent sets, 46 
Euclidean space, 59 
Even integer, 24 
Exterior (of a set), 62 
Exterior point, 62 


F 
Field axioms, 15 


Field, complete ordered, 26 
ordered, 24 


Finite set, 3 
Function, 38 
bounded, 126 
bracket, 90 
composite, 53 
continuous, 89 
Function, decreasing, 56 
differentiable, 99 
distance, 58 
increasing, 56 
integrable, 130, 152 
monotonic, 56 
signum, 80 
step, 123, 147 
Strictly decreasing, 56 
Strictly increasing, 56 
Function of a function, 53 
Functional Notation, 40 
Fundamental theorem of calculus, 141 


G 


Geometric representation of real numbers, 
38 

Geometric Series, 32 

Graph of a relation, 37 

Greatest lower bound, 28 


H 


Half-open interval, 35 
Hilbert, David, 46 
Hypothesis, 12 


Identity, additive, 15 

multiplicative, 16 
“If and only if”, 13 
Image, 40 


Image, inverse, 40 

Implication, 12 
Teasing function, 56 
creasing Sequence, 69 

Indefinite integral, 142 


Infimum, 29 
Thfinite Set, 3, 47 


Integer, 24 
Integrable function, 130, 152 
Integral, 130, 152 

indefinite, 142 

lower, 126, 151 

upper, 127, 151 


Integral of a step function, 124, 148 


Integrand, 130 
Integration, 118 


Interchange of limits of integration, 138 


Interior (of a set), 62 
Interior point, 62 
Intermediate value theorem, 95 
Interval, 35 

Closed, 35 

half-open, 35 

Open, 35 
Interval of integration, 130 
Inverse, additive, 15— 
Inverse, multiplicative, 15 
Inverse image, 40 
Inverse of an implication, 12 
Inverse of a relation, 44 
Irrational Density Theorem, 30 
Irrational number, 25 


J 


Jump discontinuity, 90 


L 


Least upper bound, 26 
Lemma, 24 
L'Hospital's rule, 110 
Limit, one-sided, 88 
Limit of a function, 75 
Limit of a sequence, 67 
Limit points of a set, 63 
Limits of integration, 130 
Linear equation, 20 
Lower bound, 28 
Lower integral, 126, 151 


Mean-Value Theorem for derivatives, 107 
Mean-Value Theorem for integrals, 137 
Mean-Value Theorem, generalized, 109 
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Member (of a set), 1 
Metric, 58 

Metric set, 58, 59 
Monotonic function, 56 
Monotonic sequence, 69 
Multiplication, 15 
Multiplicative identity, 16 
Multiplicative inverse, 16 


Natural number system, 24 + 
Necessary and sufficient condition, 13 
Negation, 11 
Negative, 15, 20 
Neighborhood, 60 
Neighborhood, deleted, 61 
Non-terminating decimal, 32, 74 
Notation delta, 101 

functional, 40 

sigma, 118 
Number, irrational, 25 

natural, 24 

negative, 20 

positive, 20 

prime, 24 

rational, 24 
Number line, 35 


Odd integer, 24 

One-sided limit, 88 
One-to-one correspondence, 45 
Open interval, 35 

Open set, 63 

Operation, binary, 3,15 
Order, axioms of, 20 

Ordered field, 24 

Origin, 34 


P 


Partial differentiation, 113 
Partition, 123, 148 
Plane, 39 
Point, boundary, 62 
exterior, 62 
interior, 62 
limit, 63 
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Positive number, 20 
Prime number, 24 
Primitive function, 142 
Primitive term, 1 


Product, 15 

Q 
Quotient, 16 

R 
Random numbers, 34 
Range, 37 


Rational density theorem, 27 
Rational number, 24 
Real number line, 35 
Real number system, 10 
Reciprocal, 16 
Reflexive property, 46 
Relation, 36 

domain, 37 

graph, 37 

inverse, 44 

range, 37 
Removable discontinuity, 90 
Repeating decimal, 32 
Riemann condition, 131, 153 
Rolle’s Theorem, 106 


S 
Separated sets, 65 
Sequence, 66 
bounded, 69 
Cauchy, 70 
Convergent, 68 
divergent, 68 
limit, 67 
Subsequence, 68 
term, 66 
Series, Beometric, 32 
Set, 1 
bounded, 69 
cardinality, 45 
closed, 63 
complement, 4 
connected, 65 
empty, 3 
enumerable, 46 
finite, 3 
infinite, 3, 47 
metric, 58 


Set, null, 3 
open, 63 
Subset, 2 
universal, 3 
Sets, disjoint, 2 
equal, 2 
intersection, 3 
Separated, 65 
union, 3 
Sigma notation, 118 
Solid of revolution (volume of), 145 
Space, Euclidean, 59 
Statement, 11 
Step function, 123, 147 
integral, 124, 148 
Sul uence, 68 


Subset, 2 

Subtraction, 15 

Sum, 15 

Summation, double, 147 

Supremum, 26 

Symmetric Property, 46 
T 

Tabulation (ofa Set), 2 

Theorem, 11 


Total derivative, 114 
Total differential, 114 
Transitive Property, 21, 46 
Triangle inequality, 58 
Trichotomy, law of, 21 
Truth table, 11 


U 


Unending decimal, 32, 74 
Uniform Continuity, 97 
Union (of Sets), 3 
Universa] set, 3 

niverse of discourse, 3 
Upper bound, 26 
Upper integral, 127, 151 


v 
Venn diagram, 4 


7 
Zero, 15 


Zero Point, 34 
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